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PKEFACE. 



This volume is the first of two on the subject of Internal 
Stress and Strain which are intended to supply the felt 
want of a complete and systematic set of exercises. It 
is based on the late Professor Eankine's treatment of 
the subject in his Applied Mechanics and Civil En- 
gineering, and will serve as a companion, or as an 
introduction, to these volumes. 
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Stress. 

Elasticity is a property of matter. When dealing with 
the equilibrium of a body under the action of external forces, 
in order to find the relations among those external forces, 
the matter of the body is considered to be perfectly rigid, or, 
in other words, to have no elasticity. When external forces, 
the simplest of which are stresses acting really on a 
part of the surface of a body, are considered to act at 
points on the surface, it is taken for granted that the 
, matter of the body is infinitely strong at such points. 
But after considering the equilibrium of the body as 
a whole, we may consider the equi- 
librium of all or any of its parts. If 
we take a part on which an external 
stress directly acts, equilibrium is main- 
tained between that external stress acting 
on the free surface and the component^ 
parallel to it, of stresses which the cut 
surface of the remaining part exerts on 
its cut surface. 

Let MONQP be a solid in equilibrium 
under the action of the three external 
uniform stresses acting on planes of its 
surface at o, p, and Q. Let mn be the trace 
of the plane at o under the uniform stress A, The stresses 
ooa . . . 666 .,.ccc may be represented in amomA ^\A ikt^^i^^T^ 




Fig. 1. 
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by the single forces A, b, and c acting at the points o, P, and 
Q, rigidly connected. We know that, by the triangle of 
forces, A, B, and c are proportional to the sides of a triangle 
DFE drawn with its sides paraUel to their directions. 
Also that they are in one plane and meet at one point. 
Hence we infer that the stresses which they represent 
are all parallel to the plane of the paper, and that the 
planes of action of b and c are at right angles to the 
plane of the paper as well as that of a. Thus we find 
the relation among the external forces. 

Let a plane mn divide the solid 
into two parts. Consider the 
equilibrium of the part MNmri. 
«!, 82. ^3 • • • a-re the stresses exerted 
at all points of the cut surface 
of MNm-n. by the cut surface 
of the other part, s is the sum of 
their components parallel to the 
direction of A, acting through p, 
the centre of pressure. Because 
there is equilibrium, s is equal 
and opposite to A; and they act 
in one straight line. Also the 
remaining rectangular components 
of SpSgjSg are themselves in equi- 
librium. Thus we see there is a 
stress on the plane mn and know 
the amount of it in one direction. 
Had we been considering the 
equilibrium of the other part of 
the solid, the stresses on mn would 
have been acting on the other sur- 
face as ^j, ^2, ^8, • • • ill opposite direc- 
tions to «i. So, «8» • • • ^^^ ^^ equal 
intensities. Thus on the plane mn 
there are pairs of actions, acting 
at all points of it, as 83, ^g, at q. These vary in intensity and 
obliquity to m n at different points of the plane. If another 
plane, as gh, dividing the solid, pass through q, there will be, 
similarly, pairs of actions at all points of it, and a pair of 
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INTERNAL STRESS. 3 

definite intensity and direction at the point q. If we know the 
stress at the point q in intensity and direction on all planes 
passing through q, we are said to know tlie internal stress at 
the point q of the solid. Similarly for all points of the solid. 
The pairs of actions as Sg, t^ act respectively on the cut 
surfaces of the upper and under parts of the solid ; but mn 
may be considered to be a thin layer of the solid with s^ and 
^3 acting on its under and upper surfaces. It must be, 
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however, infinitely thin, this layer of the solid; otherwise its 
two surfaces would be different sections of the solid and s^ 
and ^o not necessarily equal and opposite. If gh be also 
considered a thin layer, and H and K be the pair of actions 
on it at the point q on the two sides of it, then wiU the 
point g be a solid, in figure a parallelopiped, with a pair of 
stresses acting upon its opposite pairs of faces, s^ and t^ being 
equal, s is now put for each, and H is put for both h and K; 
and since q, instead of being a point in both planes, ha^ small 
surfiEtces in both, though so infinitely small that the stresses 
over them do not vary from the intensities at the point q, yet 
surfaces, the stresses spread over which it is more convenient 
to represent by sets of equal arrows sss ...,hhh ... . 

In this way of representing the internal stress at q the 
parallelopiped is aU of the solid to be considered. It must 
be borne in mind, however, that q is indefinitely thin each 
way, and might be more accurately exhibited thus ; which 
must be understood to be such small portions of the planes 
mn and gh that the stress remains constant in direction 
and intensity throughout their exteiit. 
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State of Simple Strain. 



Thus we see that in a solid acted upon by external forces, 
every particle exerts stress upon all those surrounding it. 
Such a body is said to be in a state of strain. In solids the 




Fig. 6. 
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phenomenon is marked by an alteration of shape, but 

not necessarily of bulk. 

Let AB and CD be acted upon by two 
equal and opposite forces P and P in the 
direction of their length acting in A B 
away from each other, and in CD towards 
each other. If P be uniformly distri- 
buted over the area A, the section of ab 
perpendicular to its length, the intensity 
of the stress on it is 

p 

Let the prism be of unit thickness normal 
to the paper; then will the line MN be 
equal to the area of the section of the prism 
perpendicular to its axis and 

p 

Fig. 8. "^ MN 

A^ any internal flayer mn, perpendicular to the axis of 
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the prism, the intensity is also ^, for the equilibrium 
of the parts requires it; and not only is the stress of 
this same intensity at all points of one such section, but 
also upon all such sections. The solids AB and CD are 
said to be in a state of simple strain, in the case of A B of 
eoctension, and in that of c D of compression. It is usual to 
consider the first as positive and the second as negative. 

The change of dimensions due to a siiuple state of strain 
is an alteration of the length of the solid in the direction of 
the stress vrith or without an accompanying alteration of its 
other dimensions. Thus a piece of cork in a state of simple 
compression has become shorter in the direction of the 
thrust, yet .with scarcely any, certainly without a cor- 
responding increase of area, normal to the thrust. Again, 
a piece of indiarubber grows shorter in the direction of 
the thrust with an almost exactly proportionate increase 
of area normal to it. 

The increase of length in the case of an extension is the 
augmentation, in that of a compression it is a negative 
augmentation, and in either case it is the amount of strain. 
The measure of the strain is the ratio of the augmentation 
to the original unstrained length. 

Tx X •. J- 1 X • auormentation of length 
Definition. Longitudmal strains — ^ 1 -r- ^— 

where both are in the same name, that is, both in inches or 
feet, &c. The foot being the unit of length, it is most 
convenient to take both in feet; then 

, .i T 1 X • aucrmentation in feet 

longitudinal strain = — ^^j -r—. — 7: — . 

° length in leet 

Suppose the denominator on the right-hand side of the 
equation to be unity, then 

longitudinal strain = augmentation in feet of 1 foot of 

the substance. 

= augmentation per foot of length, 
expressed in feet. 

Hence the total augmentation or amount of stTam \SLl<5i^^» 
equals the length in feet multiplied \)y \j\i^ Wuc«I\x\. 
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If the augmentation equal the lengthy that is, if the piece 
be stretched to double its original length or compressed to 
nothing, then from the definition 

strain = unity. 

Eocamplea, 

In the following questions the weight of the material is 
neglected. 

1. A tie rod in a roof, whose length is 142 feet, stretches 
1 inch when bearing its proper stress. What strain is it 
subjected to ? 

augmentation = 1 in. 
unstrained length = 1704 in. 

,_. auonnentation 1 ^^^^ 

stram = — ^. -^ = ^i^^p-r or -0006. 

length 1704 

2. How much will a tie rod 100 feet long stretch when 
subjected to '001 of strain ? 

augmentation _ , . 
length 

.-. augmentation = strain x length = -001 x 100 ft. = 1 ft. 

3. A cast-iron pillar 18 feet high shrinks to 17*99 feet 
when loaded. What is the strain ? 

augmentation of length = — -01 ft. 

, . augmentation — '01 ft. 1 -.._^ 

^^"^"^ = length = -WET = -I860 '^'^ - '^'^^- 

4. Two wire cables, whose lengths are 100 and 90 fathoms 
respectively, while mooring a ship are stretched, the first 
3 inches and the second 2*75 inches. What strains do they 
sustain? Which sustains the greater? Give the ratio of 
the strains. 

For the 100-fathom cable 

stmia = ^°gf^°^^^^° = J^ = -000417. 

length 7200 in. 
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For the 90 fathom cable 

strain = ^^g°^entatioii ^ 275m. ^ .^^^^^^ 

length 6480 in. 

The 90-fathom cable is the more strained. 
Ratio of these strains is 417 to 422. 

5. A 30-feet suspension rod stretches ^ inch under its 
load. Find the strain upon it. 

strain = -00014. 

6. How much does another of them, which is 23 feet long, 
stretch when equally strained ? 

augmentation = '039 inches. 

7. A submarine cable is tested with a strain of '0002. 
How much did it stretch per 100 fathoms ? 

aug. per 100 fathoms = 1*44 in. 

8. What is the strain upon a wooden strut 60 feet long 
when compressed to 69*97 feet ? 

strain = — '0005. 

9. A violin string 10 inches long is stretched to lOJ 
inches. What is the strain upon it ? 

strain = -^ = •025. 

10. An indiarubber string 6 inches in length is stretched 
till it is a foot long. Find the strain. 

strain = 1. 

11. A cast-iron pillar bears a strain of '001; its original 
length was 10 feet. Find its altered length. 

augmentation = — '12 inches, 
altered length = 119*88 „ 

12. A pillar 40 feet high, designed to prop up a beam 
already supported at the ends, fits exactly into its place. If 
the greatest .strain to which it is safe to subject the pillar 
be '0004, what thickness of wedge ought to \i<^ irc^'s^ 
betweo22 the heam and its top ? 
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The thickness is the same as the contraction which the 
pillar must undergo to produce the necessary strain. 

thickness =- aug. = 192 in. 

This is upon the supposition that the beam does not rise up 
when the wedge is driven. 

Elasticity. 

The Elasticity of a solid is the tendency it has when 
strained to regain its original shape. If two equal and 
similar prisms of different matter be strained similarly and 
to an equal degree, that which required the greater stress is 
the more elastic — e.g,, a copper wire 1,000 inches long was 
stretched an inch by a weight of 680 lbs., while an iron 
wire of the same section and length required 1,000 lbs. to 
stretch it an inch. Hence iron is more elastic than copper. 
If they be strained by equal stresses, that which is the more 
strained is the less elastic — e.gr., the same copper wire is 
stretched as before 1 inch by a weight of 680 lbs., while the 
iron one is only stretched a ^th part of an inch by 680 lbs. 

Hence the elasticities of different substances are propor- 
tional to the stresses applied, and inversely proportional to 
the accompanjdng strains. 

If similar rods of steel and indiarubber be subjected to 
the same stress, the indiarubber experiences an immensely 
greater strain, so that steel is very much more elastic than 
indiarubber. 

If two similar rods of the same matter, or the one rod 
successively, be strained by different stresses, the corre- 
sponding strains are proportional to the stresses. Thus, if a 
480 lb. stress stretch a copper wire one inch, then a 960 lb. 
stress will stretch it, or a similar rod, two inches. 

Hooke's Law is " The strain is proportional to the stress.'' 
It amounts to — "the effect is proportional to the cause." 
It is only true for solids within certain limits : — e.g,, 2,400 
lbs. should stretch the copper wire mentioned above five 
inches by Hookers law, but it would really tear it to pieces ; 
and although 1,920 lbs. applied very gradually will not tear 
/4 yet it will stretch it more than fout iiic\iei^\ axid fwHher, 
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when that stress is removed the wire will not contract to its 
original length again. Strain and stress are mutually cause 
and effect. The effect of stress upon a solid is to produce 
strain; and, conversely, a body in a state of strain exerts 
stress. The expressions " Strain due to the stress," ire, and 
" Stress due to the strain," &c., are both correct. 

If a solid be strained beyond a certain degree, called the 
proof strain, it does not regain its original length when 
released from the strain; in such a case the permanent 
alteration of length is called a set 

Def. The Proof Load is the stress of greatest intensity 
which will just produce a strain having the same ratio to 
itself which the strains bear constantly to the stresses pro- 
ducing them for all stresses of less intensity. 

If a stress be applied of very much greater intensity, the ^ 
piece will break at once ; if of moderately greater intensity, * 
the piece will take a set ; and although only of a little 
greater intensity, yet if applied for a long time the piece 
will ultimately take a set ; and if it be applied and removed 
many times in succession the strain will increase each time 
and the piece ultimately break. For all stresses of inten- 
sities less than the proof load the elasticity is constant for 
the same substance, and the 

Def. Modulus of Elasticity = int^°f ^7 of stress 

strain due to it 

= stress per unit strain. 

If the denominator on the right-hand side of the equation 
be unity, then the numerator is the stress which produces 
unit strain, and 

Mod. of elasticity = stress which would produce unit 

strain, 
on supposition of rod not experiencing a set and Hooke's 
law holding. 

For most substances the proof stress is a mere fraction of 
E, the modulus of elasticity. For steel the proof stress is 
scarcely TinArTnr^t P^-rt of E. Hence in the equation above 
the word would is employed, as it would be absurd to say 
that E equalled the stress that will produce \im.i ^tx^voL^Vikiai^a 
beinof an impossibility with most 8u\)ataiiee^\ ^^^ ^n^x^^V^w 
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possible, as in the case of indiarubber, the strains at such a 
pitch will have ceased to be proportional to the stresses 
producing them, and hence E will be no longer of a constant 
value. But the definition is quite accurate and definite for 
all substances amounting to this, that for any substance 

^ = 10 times the stress that will produce a strain of rtr*^> 

if such a pitch of strain be possible and within the limit of 
strain, that is, not greater than the proof strain. 

But if not, then, 

E=: 100 times the stress that will produce a strain of tw^1^> 

if such a pitch of strain be possible and within the limits 
of strain, that is, not greater than the proof strain. 

Thus for steel E equals one million times the stress which 
will produce a strain of one millionth part. Pliability is a 
term applied to the property which indiarubber possesses 
in a higher degree than steel. 

Examples. 

13. A wrought-iron tie-rod has a stress of 18,000 lbs. per 
square inch of section which produces a strain of '0006. 
Find the modulus of elasticity of the iron. 



^^ intensity of stress^ 



18000 



strain -0006 

= 30,000,000 lbs. per square inch. 

14. A tie-rod 100 feet long has a sectional area of 2 square 
inches, it bears a tension of 32,000 lbs, by which it is 
stretched f ths of an inch. Find the intensity of the stress, 
the strain, and modulus of elasticity. 

, total stress 32,000 lbs. - ^ ^^^ „ 

stress •= •= —cT i — = 16,000 lbs. per sq. in. 

area 2 sq. m. r ^ 

. . aug. of length 'To in. ^aa/joct 
stram = - ^ , ^- = — . = -000625. 

length 1200 m. 

^ stress 16000 occaaaaaii. 
-^=31^ = -600625 = 25.600,000 lbs. per sq. m. 
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15. A cast-iron pillar one square foot in sectional area 
bears a weight of 2000 tons, what strain will this produce, 
E for cast iron being 17,000,000 lbs. ? 

total stress = 2000 tons per sq.foot. 

= 2000 X 2240 lbs. per sq. foot. 

, 2000 X 22 40 „--,, • ,, 
stress = yTi = 31111*1 lbs. per sq. m. 

„ stress 

strain 

or 17,000,000 = ^^ - 

strain 

.•. strain = .. ^ ^... ..,.,^ = '0018 ft. per ft. of length. 

16. The modulus of elasticity of steel is 35,000,000. How 
much will a steel rod 50 feet long and of |th inch sectional 
area be stretched by a weight of one ton ? 

total stress = 2240 lbs. 

total stress in lbs. 



stress 



E 



area in sq. in. 
= 2240 -5- i = 17,920 lbs. per sq. inch, 
stress 



.•. strain = 



strain 
stress 



E 

— _17^920^ _ .00051 '2 

- 35,000,000 - ^^^^^'^• 

elongation . . 
— r-^—rr — = strain, 
length 

.'. elongation = strain x length 

= 000512 X 50 

= -0256 feet or \ oi on mOci. 



12 APPLIED MECHANICS. 

17. An iron wire 600 yds. long and ^^^th of sq. inch in 
section, in moving a signal sustains a pull = 250 lbs. ; how 
much will it stretch, assuming E = 25,000,000 ? 

stress = 20,000 lbs. per sq. in., 

strain = '0008, 

elongation = 1*44} ft. 

18. Modulus of elasticity of copper is 17,000,000 ; what 
weight ought to stretch a copper thread, of 12 inches in 
length and '004 inches in sectional area, y^^'^ P^^^ of ^^ 
inch. If after the removal of the weight the thread remains 
a little stretched, what do you infer about the weight and 
about the strain to which the thread was subjected ? 

strain = x^oo* 

stress = 14167 lbs. per sq. inch, 

weight = 56-668 lbs. 

Since this weight causes a set it is greater than the proof load. 

19. A wooden tie 12 inches x 7 inches and 40 feet long 
was tested with a pull of 130 tons which stretched it 1*28 
inches. Find the modulus of elasticity of the wood. 

stress = -SI -* — -' = 3466*6 lbs. per sq. in. 

84 sq. m. ^ ^ 

. 1*28 in. ,. • 

strain = . E?r--~ — 0026. 
480 in. 

.-. E = 1,300,000 lbs. 

20. One rod of an hydraulic hoist is 50 feet long and 1 
inch in diameter, it is attached to a plunger 4 inches in 
diameter upon which the pressure of the water is 800 lbs. 
per square inch. E being 30,000,000, how much will the 
rod be compressed, and what is the strain ? 

strain = - -000427 ft. per ft. 
compression = amount of strain = '256 in. 

21. A glass thread is Tinnr^'^ ^^ ^ sq. inch in sectional area, 
and 15 inches long. What weight would be required to 
stretch it rhyth part of an inch, for glass E being 8,000,000? 

stress =: 5,333 lbs. per. sq. in. 
weight = amount of stress = o'S \\)?^. 
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The Production of Strain. 

We have as yet only considered the statical condition 
of strain, i.e., of a body kept in a state of strain by external 
forces, these forces being balanced by the reactions of the 
solid at their places of application due to the elasticity, and 
the forces exerted on any portion of the solid being in equili- 
brium with the reactions of the contingent parts. Thus when 
we found that 32,000 lbs. produced a strain of 00063 on a 
tie rod 100 feet long and 2 sq. inches in area, in all stretching 
it f ths of an inch, we meant that the weight kept it at that 
strain ; the rod is supposed to have arrived at that pitch of 
strain and to be at rest, to be stretched the f th inch, and so 
(by its elasticity or tendency to regain its original length) to 
balance the weight. We have taken no notice of the pro- 
cess by which the rod came to the strain, nor do we say it 
was the weight that brought it to that state, the weight 
being only a convenient way of giving the value of the 
stress on the rod when forcibly kept strained. In fact an 
actual weight of 32,000 lbs. is capable of producing greater 
strains on the rod in question; depending upon how it is 
applied to the rod as yet unstrained. The weight might be 
attached by a chain to the end of a rod and let drop from a 
height ; when the chain checked its fall it would produce a 
strain on the rod at the instant greater the greater the height 
through which it dropt. Still, if that strain were not greater 
than the proof strain, the weight upon finally coming to rest 
after oscillating a while could only keep the rod at the strain 
•00063. 

We come now to consider the kinetic relations between 
the stress and the strain, that is, while the strain is being 
produced, the matter of the body being then in motion, we 
are consequently considering the relations among forces 
acting upon matter in motion. 

If a simple stress of a specific amount be applied to a 
body it produces a certain strain, and in doing so the stress 
does work, for it acts through a space in t\\^ v\\\^^\Aft\i <5!l "-^ss. 
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action equal to the total strain. But if this stress is applied 
gradually, so as not to produce a shock, its value increases 
gradually from zero to its fiill value, and the work it does 
will be equal to its mean value, multiplied by the space 
through which it has acted. And since the stress increases 
in proportion to the elongation, its average value will equal 
half of its full value. For example, if a stress of 30,000 lbs. 
be applied to a rod and produce a strain of f inch, it wiU do 
^QgQ^ X f = 11,250 inch lbs. of work which will be stored 
up as potential energy in the stretched rod. 

Suppose a scale-pan attached to the top of a strut or 
bottom of a tie and the other end fixed. Let a weight be 
put in contact with the pan, but be otherwise supported so 
as to exert no stress on the piece, and the next instant let 
it rest all its weight on the piece, then will the weight do 
work against the resistance offered by the straining of the 
piece till the weight ceases descending and comes to rest, 
when the piece will be for an Instant at the greatest strain 
under the circumstances, at a strain greater than the weight 
can keep it at ; the unstraining of the piece will therefore 
cause the weight to ascend again, doing work against it to 
the amount that the weight did in descending, and so the 
weight will return to its &st position, then begin to descend 
again, and so oscillate up and down through an amplitude 
equal to the augmentation. Owing to other properties of 
the matter, whereby some of the work is dissipated during 
each strain and restitution, the amplitude diminishes every 
oscillation, and the weight will finally settle at the middle of 
the amplitude. 

A weight applied in this manner is called a live load, 
A live load produces, the instant it is applied, an augmenta- 
tion of length double of that which it can maintain, and 
therefore causes an instantaneous strain double the strain 
due to a stress of the same amount as the load. 

Let now a weight W be applied in the following way. 
Divide W into n equal parts of weight w each. K ^ be the 
strain due to a stress of amount W, and a the strain due to 
a stress w, then 

W^nw, 
and by Hooke's law, A = Tia. 
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Let the first weight w be put into the scale-pan. It will 
produce a strain 2a at once, but the piece will settle at a 
strain a. Now put on the second weight w. It will produce 
at once an additional strain 2a, but only of a additional after 
the piece settles ; there being now a total strain 2a. Add 
the third weight w. It also will produce at first an additional 
strain 2a, but only of a after the piece settles, giving a total 
now of 3a ; and so, adding them one by one, there will be a 
strain of {n — l)a when the second last one has been added 
and the piece has settled. Now, upon adding the nth weight 
w, it will at first produce an additional strain 2a, but only of 
a after the piece settles, giving then a total strain Tia or A, 
Thus we have brought the piece to a pitch of strain A by 
means of the weight W, and only at the instant of adding 
the last part (w) of it was the piece strained to (n + 1) a, or 
to a more than A. By making the parts more numerous 
into which we divide W, and so each part lighter and pro- 
ducing a lesser strain per part, we can make the strain a the 
extent to which the piece is strained beyond A at the instant 
of adding the last part, as small as we please. 

By so applying the load W we can bring the piece to the 
corresponding strain A without at all straining it beyond 
that. A weight so applied is called a dead load. 

A live load therefore produces, at the instant of its appli- 
cation, a strain equal to that due to a dead load of double 
the amount. In designing, the greatest strain is that for 
which provision must be made, so that live loads must be 
doubled in amount, and the strain then reckoned as due to 
that amount of dead load. The dead load, together with 
twice the live load, is called the gross load. 

The weights of a structure and of its pieces are generally 
dead loads. Stress produced by a screw, as in tightening a 
tie rod, is a dead load. The pressure of earth or water 
gradually filled in behind a retaining wall, and of steam 
got up slowly, of water upon a floating body at rest in it, 
&c., are all dead loads. The weight of a man, a cart, or a 
train coming suddenly upon a structure, is a live load, so is 
the pressure of steam coming suddenly into a vessel, so is a 
portion of the pressure of water upon a floating body which 
is rolling or plunging. The pressure "upoii a ^Iwxi'gpt \SiS»^^\R> 
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pump water is a live load, but that on a piston when com- 
pressing gas is a dead load, the gas being so elastic itself. 
A load on a chain ascending or descending a pit is a dead 
load when moving at a constant speed or at rest, but a live 
load at the starting, and while the speed is increasing, partly 
a live and partly a dead load. The stress upon the coupling 
between two railway carriages is a dead load while the 
speed is uniform, and if the buffers keep the coupling chain 
tight, the stress is a live load while starting; but if the 
buffers do not keep it tight, but allow it to hang in a curve 
when at rest, then the stress upon it at starting will be 
greater than a live load. 

ExaTYiples. 

22. An iron rod in a suspension bridge supports of the 
roadway 2,000 lbs., and when a load of 3 tons passes 
over it, bears one-fourth part thereof. Find the gross load. 
If the rod be 20 feet long, and | of a square inch in section 
find the elongation, E being 29,000,000. 

dead load = 2000 lbs. 

live load = 1680 lbs., equivalent to a dead load 

of 3360 lbs. 

.*. gross load =: 5360 lbs. 

, gross load 
stress = ^ 

section 
5360 



E 



.-. strain 



75 

stress 
strain 
stress 
~E~ 

7147 
29000000 
elongation 



7147 lbs. per sq. in. 



= -000246 



length 
/. elongation = length x strain 

= 20 X -000246 = -00492 ft. = -06 in. 
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23. A vertical wrought iron rod 200 feet long has to lift a 
weight of two tons. Find the area of section, first neglect- 
ing its own weight; if the greatest strain to which it is 
advisable to subject wrought iron be 0005 and E =2 
30,000,000. 

Let A be the sectional area in sq. in. 
live load = 4480 lbs. is equivalent to a deadload of 8960 lbs. 

. ^.„_ 3960 



. . OUICOO 


A • 


E 


stress 
strain' 


or 30,000,000 


8960 
A X OOOo" 


• A 


8960 




•0005 X 30,000,000 




•597 sq. in. 



24. Find now the necessary section at top of rod, taking 
the weight into account, calculated from the section found 
in last. 

200 ft. X -597 sq. in. gives 1433 cub. in. ; reckoned at 480 
lbs. per cubic foot gives 398 lbs. 

Hence live load = 4480 lbs. 



dead load 


- 398 lbs. 




.*. gross load 


-9358 




stress 


93.58 
area 




E 


stress 
strain' 




or 30,000,000 


9358 




ai-ea x 'OOOS' 




• fiVf^TL 


9358 


•^'L %<\-\xi. 


• . CliX cell 


•0005 X SO.WOJi^Vi 




B 
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The weight of the rod being greater when calculated at 
this section, a third approximation to the sectional area 
might be made. 

25. Taking now the sectional area at '62 sq. in. find 
average strain and elongation. 

At lowest point 

gross load == 8,960 lbs., 



stress =: 



_ 8,960, 



•62 



'^'^^ ^ ■62xSo,000 ^'^Q^^^- 

while strain at highest point is '0005. 

.*. average strain =: '000495. 

elongation = -00049 X 200 = '098 ft. 

= 1176 in. 

26. A short hollow cast-iron pillar has a sectional area of 
12 sq. in. It is advisable only to strain cast iron to the 
pitch '0016. If the pillar supports a dead load of 60 tons; 
being weight of floor of a railway platform, and loaded 
waggons pass over it, what amount should such load not 
exceed ? E = 20,000,000. 

greatest stress = 30,000 lbs. per sq. in. 
gross load = 360,000 lbs. 

deduct dead load = 112,000 lbs. 
gives a dead load = 248,000 lbs. 

The live load must not exceed one half of this. 

Note. Other considerations limit the strength of the pillar 
if it be long. 



KESILIENCE. 19 



Resilience. 

Def. The Resilience of a body is the amount of work 
required to produce the proof strain. A weight one half 
the proof stress applied as a live load would produce the 
proof strain, therefore the work done is this weight multi- 
plied by the elongation at proof strain, the distance which 
the weight has worked through; or 

The resilience of a body == J amount of proof stress 

X elongation at proof strain. 

For comparison among different substances the resilience 
is measured by the resilience of one foot of the substance 
by one square inch in sectional area. 

.*. iZ = J proof stress X proof strain, 

R being in foot lbs. when the stress is in lbs. per square 
inch and the strain in feet. 

And now comparing the amount of resilience of different 
masses of the same substance: if two be of equal sectional 
area, that which is twice the length of the other has twice 
the amount of resilience (the elongation being double); also 
if two be of equal length and one have twice the sectional 
area of the other, then the amount of its resilience is double 
(the amount of stress upon it being twice that upon the 
other). That is, the amounts of the resilience of masses of 
the same substance are proportional to their volumes. This 
is true not only for pieces in a state of simple strain with 
which we are in the meantime occupied, but can be proved 
to be universally true for those in any state of strain how- 
ever complex. 

For any substance R being the amount of resilience of a 
prism of that substance one foot long by one square inch in 
sectional area, it follows from the above that the amount of 
resilience of a cubic inch of the substance will he ^R ox 
that of any volume will be iV -^ X volume in cubic inches. 

The reflHieBce of a piece, as defined, \a \5afc gc^^\ft:^\» %xs^<3SiX5^*> 
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of work which can be done against the elasticity of tbe 
piece, without injuring its material. 

We can find the amounts of work done upon a piece in 
bringing it to pitches of strain lower than the proof strain. 
For brevity we will call this also resilience. Thus, for a 
piece 1 foot long by 1 square inch in section 

amount of resilence = | stress x strain is pro. to (stress)^, 

the strain being proportional to the stress, hence 

amount of resilience for any stress _ (stress)^ 



the resilience (proof stress) 



2 



amount of resilience =z It x 



(stress \^ 
p. stress/' 



For a piece of volume V cubic inches, at any stress we 
have either — 

, V 

amount of resilience = J stress x strain x ,-;;, 

or = J amt. of stress x amt. of strain. 

The amount of resilience of a piece, at the instant a live 
load is applied, will be the product of that load and the in- 
stantaneous elongation. Let TT be a load the elongation 
due to which is A. If W be applied as a live load, the in- 
stantaneous elongation is 2A, and the 

amount of resilience due to a live load TT = TT x 2A. 

If W be applied as a dead load, the amount of resilience is 

steadily that of the piece elongated to an amount A is the 

same as what it would be for an instant upon the applica- 

W 
tion of a live load -^, or 

W 
amount of resilience due to a dead load W = -^ x A. 

Therefore, a live load produces for an instant an amount of 
resilience four times that produced by an equal dead load. 

Examples, 

27. A rod of steel 10 feet long and '5 of a square inch in 

5e£>tion^ is kept at the proof strain by a tension of 25,000 

/fea^ ^ie modulus of elasticity for steel being 35,000,000. 
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Find the resilience of sfceel, also the amount of resilience of 
the rod. 

proof stress = - ^ — = 50,000 lbs. per sq. inch. 

jp _ proof stress 
~~ proof strain 

« , . proof stress 
.'. proof strain = p- 

50,000 1 



35,000,000 ~ 700 

= '00143 elongation in ft. per ft. of 
length. 

resilience, R=^ ^ proof stress x proof strain 

~\x 50,000 lbs. X -00143 ft. 

= 35*75 ft. lbs. of work per vol. of 1 ft. 
in length by 1 sq. in. in sectional 
area. 

arat. of res. of rod = ii x (vol. expressed in number of 

such prisms) 

=z —- , R X vol. in cub. in. 

= 1 « X 35*75 X 120 in. x '5 sq. in. 
= 1 78*75 foot-lbs. of work. 
Otherwise, to find amount of resilience directly, 

proof strain = -^ 

total elongation = =t. ft., 

amount of stress = 25,000 lbs., 
amount of resilience = J amount of stress x elongation, 

_ 25000 1 
"" -l" ^ 70' 
:= 178-6 ft..l\)s.ot^OYk. 
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28. A series of experiments were made on bars of wrought 
iron, and it was found that they took a set when strained 
to a degree greater than that produced by a stress 20,000 
lbs. per square inch, but not when strained to a less degree. 
At that pitch the strain was '0006. Find the resilience of 
this quality of iron. 

proof stress = 20,000 lbs. per sq. in. 

proof strain =: 'OOOG ft. per ft. of length. 

R =: i X 20,000 X -0006 = 6 ft.-lbs. 

29. Find how much work it would take to bring a rod, 
of the above iron, 20 feet long and 2 square inches in sec- 
tional area, to the proof strain. 

volume = 480 cub. in. 

R feet-lbs. of work brings to proof strain a rod 1 feet 
long by 1 squai-e inch in area : that is, of volume 12 cubic 
inches, and amounts of resilience being proportional to the 
volumes. 

work required =: -^R . vol. in cub. in. 

= T^ X 6 X 480 = 240 ft.-lbs. 

amount of res. 480 cub. in. .^ 

or ^ = ^Tei — v— ^ — = 40. 

jB 12 cub. m. 

.-. amount of res. = iZ x 40 = 6 X 40 = 240 ft.-lbs. 

30. A wooden strut 18 square inches in section, and 12 
feet long, sustains a stress of 1,000 lbs. per square inch. 
Find the amount of resilience of the strut, E being 1,200,000 
lbs. 

half of total stress = 9000 lbs. 

elongation ^= '01 ft. 

amount of resilience =: 90 ft.-lbs. 

31. Steam at a tension of 600 lbs. on the square inch is 
admitted suddenly upon a piston 18 inches in diameter. 

J^ the piston rod he two inches ia diaTOieter and 7 feet 
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long, what is the amount of its resilience at the instant ? 
E = 30,000,000. 

for live load, stress = 97200 lbs. per sq. in. 
gives instant strain = '00324 ft. per ft. of length, 
elongation = -02268 ft. 

resilience of rod = live load X elongation. 

= 48600x lbs. X -02268 ft. 

= 1102x ft.-lbs. 

32. The chain of a crane is 30 feet long and has a sectional 
area equivalent to ^ of a square inch, what is the amount 
of its resilience when a stone of 1 ton weight resting 
on a wooden frame is lifted by the action of the crane ? 
E = 30,000,000. 

stress = 4480 lbs. per sq. in. 

strain = -000149. 

amount of stress = 2240 lbs. 
elongation = -00447 ft. 

resilience of chain = J amount of stress X elongation. 

= 5 ft.-lbs. 

33. If the chain be just tight, but supporting none of the 
weight of stone, and if now the wooden frame suddenly gives 
way, what is the amount of resilience of the chain at the 
instant ? 

Being now a live load, there is an instantaneous strain of 
double the former amount. 

instantaneous strain = -000298. 

elongation = -00894 ft. 
resilience of chain = live load x elongation. 

== 2240 X 00894. 

= 20 ft.-lbs. 

34. The wire for moving a signal 600 yards distant has, 
when the signal is down, a tension upon it of 250 lbs., which 
is maintain^ by the back weigbt o£ t\i^\ia.TA\eNi^'t\ xxsA^et. 
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the circumstances the wire is stretched 1*44} feet (see example 
17), and the back weight of the signal, which is 280 lbs., rests 
portion of its weight upon its bed. The hand lever is sud- 
denly pulled back and locks: the wire being more intensely 
strained, the signal is raised by the elasticity of the wire 
partially unstraining. If the point where the wire is attached 
to the signal moves through '2 feet, find the range of the 
point where the wire is attached to the hand lever, also the 
force which must be exerted there. 

When the signal settles up the amount of stress on the 
wire is 280 lbs. 

elongation for 280 lbs. _ 280 
elongation for 250 lbs. """ 250' 

elongation for 280 lbs. = Sq X l*** = 1-613, 

additional elongation = *173 ft., 

.'. range of point at lever =: range of point at signal plus 

this additional elongation. 

= '2+ 173 

=: -373 feet. 

Thus, when the lever is put back there is upon the wire 
for an instant before the signal rises an additional elongation 
of '373 feet. Hence the tension on the wire the instant the 
lever is put back will be that due to an elongation of 

(1-44 + -373) ft. = 1:1^+^ 250 lbs. 

= 314-8 lbs. 

This is the force which must be exerted at the point 
where the wire is attached to the hand lever. That is, the 
instantaneous value of the force used to raise the signal is 
34-8 lbs. greater than its weight. 

36. On a chain 30 feet long f of a square inch sectional 

area and having a modulus of elasticity of 25,000,000 lbs. 

^Aere la a dead load of 3,900 lbs. and a live load of 900 lbs. 



RESILIENCE. 25 

Find the amount of resilience of chain when dead load only 
is on, also at instant live load comes on. 

p _ stress 

strain 

, . stress 5200 .aaao 

•■• ^^^^"^ =-£-= moom ^ ^^''' 

elongation = '006 ft., 

amount of resilience 1 . l r t v> i x* 

for dead load | = ^ ^"'^^^^ ^^ ^^^^"^ ^ elongation 

= i X 3900 X 006 
= 11-7 ft.-lbs. - 

Live load gives an additional elongation equal to that for 
a dead load of 1,800 lbs. 

elongation (due to 1800 lbs.) _ 1800 
•006 ft. ~ 3900* 

inst. elongation for live load = qqtkk X *006 

= -00277 ft. 

Now both the 3900 lbs. and the 900 lbs. worked through 
this -00277 ft. 

.-.additional resiliences: 4800 lbs. x -00277 ft. = 13-3 ft.-lbs. 

amount of resilience at instant live load comes on = 25 ft.-lbs. 

36. A rod 20 feet long and J inch in sectional area bears 
a dead load of 5000 lbs. Find the live load which would 
produce an instantaneous elongation of another j^^th inch. 
B = 30,000,000. 

Atis. 3125 lbs. 

37. A rod of iron 1 square inch in section and 24 feet long 
checks a weight of 36 lbs. which drops through 10 feet 
before beginning to strain it. If J? = 25 000,000, find 
greatest strain. 



26 APPLIED MECHANICS. 

Let p = the stress at instant of greatest strain, then 
strain = J, 

elongation =: — =f , 

amt. of resilience = J amt. of stress x elongation 

= I X l|l = 12 1- a-ib,. 

Workdonebywt.mfalling = 361ba. X (lO + ^\ ft. 

= 360 + ^ ft.-lbs. 

Equating. 1|' = ?§? + 360, 

p" - 12p = SOE, 

f _ 72^) + (36)' = 750,001,296, 

^ - 36 = 27386, 

p = 27422 lbs. per sq. in. 

. •. strain = -001097 ft per ft. of length. 

38. If the weight in No. 37 had fallen through the 10 feet 
by the time it came first to rest and E = 30,000,000 lbs., 
what is the greatest strain? 

amount of resilience = 360 ft.-lbs., 

ly =360, 

p zz: 30,000 lbs. per sq. inch, 
strain = '001 ft. per ft. length. 

39. If the proof strain of iron be '001 what is the shortest 
length of the rod of one sq. inch in sectional area which will 

not take a set when subjected to tlie sliock. caused by checking 
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a weight of 36 lbs. dropped through 10 feet ? [E = 30,000,000 
lbs. per sq. inch.] 

Let X = length in feet. 

By hypothesis it comes to the proof strain, hence 

elongation = -001 x x ft. 

P. stress =i E X proof strain 

= 30,000 lbs. per sq. inch, 
amount of stress = 30,000 lbs. 
(inst.) amount of res. = J amount of stress X elongation. 

= 15,000 X j^ = 15aj ft.-lbs. 

Equating to work done by weight, 

Ibx = 360 
x = 24i ft. 

Note. This is the shortest rod of iron one square inch in 
sectional area which will bear the shock. The volume of 
this rod is 288 cubic inches, and a rod of iron which has 288 
cubic inches of volume will just bear the shock; as 48 feet 
long by J square inch in area or 12 feet long by 2 square 
inches sectional area. 

The 10 feet fallen through by the weight includes the 
elongation of rod. When the question is to find the shortest 
rod to sustain the shock in the case where the weight falls 
through 10 feet before it begins to strain the rod the volumes 
of the rods would not be exactly equal for different sectional 
areas, for a long thin rod will sustain a greater elongation 
than a short thick one, and as the falling weight works 
through this elongation over and above the 10 feet the first 
rod will require a greater cubical volume than the second. 

40. Find the shortest length of a rod of ^teel which will 
just bear without injuiy the shock caused by checking a 
weight of 60 lbs. which falls through 12 feet before beginning 
to strain the rod. First for a rod oi ae(i\i\o\i^ %x^'^'^ ^o^^atfe ^ 
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inches, and then for a rod of I square inch sectional area. 
Given that for steel E = 30,000,000 lbs. and iZ = 15 ft.-lbs. 

Let A = sectional area in sq. inches and x = length in feet. 

proof stress x proof strain =: 2R def. 

PJ22^I^ = E def. 
proof strain 

Dividing, (proof strain)^ = -^. 

proof strain = ^ _ =. j^. 

elongation = =— — feet. 

Work done by the weight in falling 
= 60 lbs. X (l2 + ^) ft. 

= 720 + -f^ X ft.-lbs. 
oU 

Amount of resilience of rod at proof strain 

= iZ X ( Y^ vol. in cub. in.) 

= iZ X (length in ft. x sec. area in sq. in.). 
=: 15 X 03 X 2 = 30aj ft.-lbs. first 

15 

and 15 — aj — J = — a; „ „ secoTid, 

Equating for first case, 

30aj = 720 + ^ a:, 

oU 

1497ir = 36000, 

X = 24*05 ft. length of rod. 

Equating for second case, 

-^x=m+.^x, 

758^27 =r 144000, 

oj = 19512 ft. length of tod. 
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For the first case length is 288*6 inches, and sectional area 
2 square inches gives 

volume = 577*2 cub. inches. 

While for second case length is 2341*44 inches, and sec- 
tional area J square inch giving 

volume = 585*3 cub. inches, 

which is a little greater. See Note to No. 39. 

This may be exhibited generally; putting W, h, and A 
for the weight, the distance dropped through, and the sec- 
tional area, 

work done by weight :=^ W (h + x U-jy\ 

amount of resilience =z M , x , A, 

Equating, RxA =:Wh+Wx J—^ , 

Wh f. 

voL = A X 12x cub. inches. 

12AWh ' 12 FA 



EA-wf4 R-'^m 

fs E As! E 

which increases as A decreases. 

41. The greatest (working) stress which it is safe to apply 
repeatedly to iron being 10,000 lbs. per square inch, what is 
the shortest rod of one square inch in section that may be 
employed to check the fall of a 36 lb. weight through 3 feet 
raised and let fall constantly? 

Length, 64 feet. 
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42. Certain rods of wrought iron are for the.same structure ; 
those which will not bear a proof strain of '001 are to be 
rejected. The testing machine consists of a ring weighing 
120 lbs., which, falling through distances marked upward 
on the instrument, catches on a collar screwed on the lower 
end of the rod to be tested, whose upper end is fixed. The 
shock producing the instantaneous strain '001 is repeated 
several times, when if there be no set produced the rod is 
passed. From what height on the scale ought the ring to 
be dropped when testing rods 15 feet long by J square inch 
sectional area; also, how high should the collar be above 
zero ? E = 30,000,000. 

ET __ proof stress 
""" proof strain' 

proof stress = '001 x E— 30,000 lbs. per sq. in., 

amount of stress = 15,000 lbs., 

elongation = 15 x '001 zz: ^ ft. = -015 ft., 

amount of resilience — J amount of stress x elongation 

= 7,500 X J^ = 112-5 ft.4bs. 

Let X be reading in ft. on scale; then 

work in ft. lbs. = I20aj, and, equating 
120aj = 112-5, 
X = 0-94 ft. 

The collar ought to be above zero the amount of the 
elongation, so that the weight may only have descended 
through the 0-94 ft. when it first comes to rest. 

height of collar = elongation 

= -015 ft. 

43« Find readings on scale from which ring should be 
dropped, and at which collar should be adjusted when testing 
20 feet rods 1^ square inches in area. 

reading for ring, 3*75 ft. 
reading for collar, 002 ft. 
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44 Wooden piles, 2 square feet in section, are being driven 
by a weight of 7,680 lbs. When 20 feet of a pile is above 
ground, what is the greatest height the weight should be 
dropped from, if 4,000 lbs. per square inch be the greatest 
stress it is desirable to put upon the timber? E = 1,200,000. 
Neglect the fact that the weight falls through the diminution 
of length of strut. 

height = 5 ft. 

45. It is found that the pile sinks 0*2 feet, so that the 
straining of the timber acts through '2 feet besides the 
elongation. From what height may the weight be dropped 
without fear of injury, considering this ? 

stress = 4000 lbs. per sq. in. 
I amt. of stress = 576000 lbs. 

1 



strain = — 



300* 



augmentation = — ^^ X '067. 

lo 

amt. of resilience = J amt. of stress x (-2 + -067) 

= 153792 ft..lbs. 

work =: 7680 (x + -267) = 153792 ft.-lbs. 

.'. 7680aj = 153792 - 2050. 

=: 151742. 

X 1= 19-3 ft. 

From observing now the distance the pile sinks from 
this stroke, another greater height may be calculated from 
which it would be safe to let the rammer fall. Should the 
pile, however, come upon a large stone, it might splinter 
when the rammer fell from a greater height than 5 feet 

46. A mass of W lbs. moving horizontally with a velocity 
of Ffeet per second is stopped by a chain (J, feet lo\^ «xA 
a square inches effective sectional area), 'wVio^^ o^isi^Bt ^\A Sa» 



i 
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securely anchored. Find the greatest pull on the chain, E 
being the modulus of elasticity, and g the acceleration of a 
falling body. 

A =r ^ is the height through which W must fall from rest 

to acquire the velocity F. Hence kinetic energy of 

W=z Tflbs. X Aft. 



2flr 



ft.-lbs. 



This work must be done upon W to bring it to rest, hence 
it is the work W will do upon the chain. 

Let P = greatest pull on chain in lbs. at the instant W 
lirst comes to rest. 

P 

stress = — lbs. per sq. in. 

„ stress 
E=i 



or strain = 



strain' 
stress _ P 



PI 

elongation = strain x length =: — „, 

amt. of resilience == J amt. of stress x elongation 

P PI jy, I 

= Tr X -^=:P*. 



2 ' aE'^ '2aE' 



I TfF- 
Equating, P"'2^=-2^' 

. oEWV^ 

•• ^- gl • 
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47. A waggon going down an incline is attached to a rope 
worked by a stationary engine. Its weight is five tons, and 
its velocity four miles per hour, when it is suddenly stopped 
by the accidental stopping or reversing of the engine, rind 
the greatest instantaneous pull upon the rope, which is 4 
square inches in sectional area, there being 600 feet of free 
rope between waggon and engine. E = 25,000,000 lbs. and 
g z=z 32 feet per second per second. 

amount of res. = J amount of stress X elongation 

— :? X ^^ — ^ P2ffc-lbs 

~ 2 1,000,000 "" 1,000,000 

kinetic energy of waggon = 6023*5 ft-lbs. 

Equating, I^= 2,007,833,333. 

.-. P - 44,808 lbs. =: 20 tons. 

48. A body of mass W lbs., moving with a velocity V feet 
per second, is connected by means of a chain I feet long, and 
of a square inches sectional area, to another body of mass 
w at rest. W and w being great compared to the mass of 
chain, its inertia is neglected. Find greatest pull upon chain. 

As the chain begins to stretch W loses and w gains 
velocity, till both together with chain arrive for the first 
time at a common velocity, at which instant the tension is 
the greatest possible upon the chdin, which will now begin 
to contract, causing w to move quicker than TT, again extend- 
ing as TT increases till common velocity is arrived at; finally, 
after many such stretchings and contractings, the chain will 
settle at a fixed pitch of strain, and all will continue to move 
at common velocity above. 

Let U = common velocity, 

P — pull on chain in lbs. (at instant), 

E = modulus of elasticity of chain, 

WV = momentum when w was at rest, 

(W + w) U =^ momentum when at com. vel. 

WV 
Equating, U=^j^^-^^. 

c 
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Owing to TT's velocity being reduced, it has done a cer- 
tain amount of work upon the chain, and since w has acquired 
velocity the chain has done a certain amount of work upon 
it, and the difference of these amounts of work equals the 
amount of resilience of chain. 

From equation h = ^, where v is velocity acquired by a 

body falling from rest through h feet, we have 

72 

^ = ht. W must fall to acquire vel. F, 

and ^ = ht. TT must fall to acquire vel. U. 

V^- IP 
.'. — ;t = ht. W must fall to increase from vel. U 

to veL F. 

and TT. — ^ = work lost by W, 

2g 

w . — = work gained by w. 
diff. of work = i | TTCF"- TT^-wm^. 



Putting for U its value, 



= ^{WV^-{W + w)U^Y 
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' upon chain 






stress — 


: - and E 
a 


stress 
"" strain' 


or strain - 


stress 
E 


P 

aE' 
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PI 
elongation =z strain x length = — ^, 

amt. of res. = J ami of stress x elongation. 

=|ibs.xgft.=i^24ft-^*'«- 

Equating to difference of work. 



P^. 



2aJi!~ 2g' (W+w) 
p2_72 a^ ^w 



Ig'iW + w) 

i9(*y + w) 

48a. Same problem by method of the Calculus. Let a-^ 
and x^ be the spaces passed through by W and w respec- 
tively, and P the pull upon chain at any time t, hence at 
that instant 

elongation =^ x^- x-^, 

strain = ^ i ^ ^^^ 

stress = -. 

a 

p _ stress PI 



strain a {x^ — x^' 
•. i> = -^ («, - »0 .^\>4 



\ 
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Since P accelerates w we have its acceleration 

and since P retards W its acceleration 

dp' "" "■ Tf ^ ~~ " Wl ^^2 - ^lA 
subtracting, 

A differential equation from which (a?o — a;,) is to be 
determined. 

Put (a?2""^i) = ^ c^'^ (7i]t — e), 
then ^1^-;!^=- .12 (^^^^)^ 



_ lEagJW + w) 
V ^^^ ' 

When ]^ = 0, ajg — o^i = 0. 

.*. = c cos {nt — e). 

.'. cos (— e) = 0, or e = -^. 

.'. (iCg — oji) = c cos (?i^ — ^ j 

= c sin Ti^t. 

Differentiating, 

dx^ dxn , 

—,-2 =-1 z= TIC cos n^. 

at dt 
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Since -r^ and -^ are the velocities of TTand tv, their differ- 
dt dt 

ence is zero at instant of greatest strain. 
.-. — ncQOsnt, 

.-. nt = (2m + 1) ^, where m is any integer. 

. • . t =z — ^ TT, gives times at which W and w come 

to a common velocity. 
When t = 0, the difference of W and v/s velocities is V. 

,\ V = nc cos 

= TIC 

• • c — • 

Sub. into P == -/-(aJg-aJi) 

JB?a . ^ 
= -^ c sm m 

_Ea Y 
~~ I * n 

Ea TT lEag(W + w) 



Ea -p- I. 

Ea I IWw 



- ^- I V 



Eag (W + w) 
EaWv) 



Ig (J/V -VoaS 
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Other things being constant, this is greatest when TT = tt;, 
for (TT + w) constant. 

Note also that the stress 



^ a \ a 



EWw 



lg{W + wy 

which increases if a be decreased, although the amount 
of stress P decreases, so that the only way to lessen P with- 

P . . 
out increasing — is to increase I the length of chain. 



49. A mass of 5 tons, intended to act as a drag upon a 
ship being launched, is connected by means of a diain 100 
feet long and 8 square inches effective sectioual area, and E 
= 25,000,000. Find the greatest pull on the chain if the 
ship, when floating, have inertia equivalent to a mass of 
400 tons, and it be estimated that her velocity will be 20 
feet per second when the drag comes into play. 



= 20^ 



oEWw 



lg(W + w) 

8 X 25000000 X 896000 X 11200 
100 X 32 X (896000 + 11200) 

= 20 ^691358025 

= 526874 lbs. = 235 tons total pull. 

(P\ 235 
— j = —^- = 29 tons per square inch, 

which is about the utmost stress that wrought iron can 
bear. 
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Intersal Stress. 

In the following pages, except apeciallj stated, we pre- 
mise that — 

a. All forces and stresses are parallel to one plane. 

b. That plane is the plane of the paper in all diagrams. 
Hence planes subjected to the stresses we are considering 
are shewn in diagrams by strong lines, their traces. 

c. The diagi-ams represent slices of solid, of unit thickness 
normal to the paper ; hence, the lengths of the strong lines 
axe the areas of the planes. 

d. The stresses are supposed constant both in direction 
and intensity which are normal 

to the paper, or every point on a 
diagram is in the same circum- 
stances with respect to stress 
normal to the paper. 

e. The relative position of two 
planes is measured by the angle 
between their normals. 

/. The obliquity of the stress 
to the plane upon which it acts 
is the angle its direction makes 
with the normal to the plane. 

These premises save a great 
deal of wording in the enuncia- 
tions, and, therefore, otappar&nt 
complicity, 

iTUemal stress at a point in a ppppppp 

solid in a simple state of strain. ^'* 

Let the axis ox be drawn in Fig. e. 

the direction of the stress P. Let 

AA be any section normal to this axis. Since the stress 
is uniformly distributed over AA, the intensity of the 
stress at aU points of the plane kk \s *(!ti«> «»st!b. C^\k- 
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sider the point O, the intensity of the stress at o on 
the plane normal to ox is 

total stress p 



area of plane aa' 

Through O draw any oblique plane, bb, whose normal, on, 
makes the angle with ox. The stress on this plane is in 
the direction ox, and the amount of stress upon it is P (for 
the equilibrium of the parts). But the intensity of the 
stress on bb is less than j9, since p is spread over a larger 
area than AA. 

Since aob = 0, 

OA 

^^A — == cos AOB, 

ana OB ' 

OA 



• . 



OB = 



BB = 



COS ff 

or cos & 

intensity of stress on bb = total stress 

area of plane 



bb 
p 



\ cos e) 

= — . cos 

AA 

= p . COS. 0. 

Hence the internal stress at all points within a solid, in a 
state of simple strain, is parallel to the direction of that 
stress— is greatest in intensity on the plane normal to that 
direction — on any other plane inclined at an angle to last, 
the intensity is one (cosine d)th part of that intensity, 
And zero on any plane parallel to the direction of the stress. 
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The stress p cos Q on bb being oblique to BB, it is con- 
venient to resolve it into components normal and tangential 
to BB respectively. 

The arrow p cos represents the stress at the point o 
on the plane bb; from its extremity perpendiculars are 
dropped on on and bb, which, by parallelogram of forces, 
give j3n and yj, the intensities of the stresses upon bb, nor- 
mal and tongential respectively. 



Now 



-J^ = cos e def. 

pn=P COS* Q. 



Pt - 
p COS $ 

pt - 



p sin COS A 





From the superposition of forces these two seta of forces 
may be considered independently o£ eac\i otin«t. "^crc wks^si 
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^ 



cases in designing it might only be necessary to consider 
one set, if it were manifest that in providing for it there 

would be more than sufficient 
provision made for the other. 

It is apparent from symmetry 
that for the plane cc inclined at 
the angle 6 on the other side of 
the axis the stress is the same in 
all particulars as that on bb. 

On a pair of planes whose ob- 
liquities are together equal to a 
right angle, the intensities of the 
tangential stresses are equal, and 
the sum of the intensities of the 
normal stresses equals the inten- 
sity of the initial stress. 

Let BB be inclined at the angle 
6, and dd at the angle (p, 




pp p p 

Fig. 12. 



On BB, 



where 



e + <t> = 



IT 

2' 



[jpn =PCOS2 0, 

\pt := p sin COS 0. 



OnDD, 
But 



\Pt =1? sin ^ cos 0. 

sin = cos ^, and cos Q = sin ^. 

pi ==j?/, or the tangential component 
stresses have the same inten- 
sity on both planes. 

Pn + Vn—P (C0S2 e + C0S2 <t>) 

= p (cos2 e + sin2 0) 

or the sum of the intensities of the normal component 
stresses equals the intensity of the primary stress. 
There are therefore at one point o four planes bb, dd, cc, 

and EE, two inclined on each side of ox, upon which the 

tangential stress has the same inlenaity. 



Also 
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Grouping together the pair of planes bb and ee, the one 
inclined at 6 on the one side of ox, and the other at upon 
the opposite side, and therefore ai 6 + <f>, or 90° to each other,, 
we find that at any point two pla/nes being chosen at right 
angles to each other the tangential or shearing stresses are 
of equal intensity, and the sum of the intensities of the 
norrrial stresses is equal to the intensity of the primary stress,. 






af*-' 




■ir 



For all planes such as bb, dd, &c., that which is inclined 
at 45"* sustains the tangential stress of greatest intensity, 



for 



pt= p sm 6 cos 6, 

= I sin 2a 

pt is greatest when sin 26 is greatest. 

sin 26 = 1. 
26 = 90** 
6 = 45° 



if 



t* 



a 



>» 



u 
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The tangential stress on a plane such as bb is called a 
shearvng stress. Many substances fracture under a shearing 
stress very readily. Notably cast iron under a strain of 

compression fractures by shearing along an 
oblique plane, the one portion sliding upon 
the other. The resistance then which cast 
iron offers to shearing is that which must 
be considered in designing short pillars to 
bear great loads. The planes upon which 
the intensity of the shearing stress is 
greatest, that is, planes inclined at 45** to 
the direct thrust, are those upon which it 
will shear. As the texture of the material 
is never homogeneous it may shear along 
planes more or less inclined than 45^ abo 
the toughness of the skin wiU cause great 
irregularity. 

Brick stalks give way by the mortar 
shearing, and the upper portion sliding 
down an oblique section like a splice. 




Fig. 14. 



Exam/pies, 

50. A short pillar 2 square feet in area bears a load of 36 
tons, find the intensity of the stress upon a plane section of 
it inclined at 20° to the axis, also the intensities of the 
normal and tangential component stresses on it. 



V 



80640 

288 



= 280 lbs. per sq. inch 



on oblique plane, 
intensity 

Pt 



p cos = 263*1 lbs per sq. inch, 

pcos20=i 247-3 

p sin cos = 90 „ „ 



51. Find greatest intensity of shearing force on a plane 
section of pillar in last. 



COMPOUND STATE OF STRAIN. 45 

It will be upon a plane inclined at 45°. 

p^ = p sin 45° cos 45° 

lip 

~ P' J2' J2 2 

= 140 lbs. per sq. inch. 

52. A stone obelisk weighing 200 tons, and covering an 
area of 10 square feet^ stands above a slate formation in- 
clined to the horizontal 10°, find the intensity of the stress 
normal and tangential to the beds. 

pn « 301'8 lbs. per sq. inch, 

pt = 53-2 



j> ft 



Compound State of Strain. 

A solid is in a (compound) state of strain when subjected 
to two or more simple stresses in different directions simul- 
taneously. We proceed to consider a solid in such a state of 
strain without enquiiing how it was brought into that state; 
all its parts being supposed to be at rest, and all the parts 
into which it may be divided in equilibrium under the stresses 
exerted among each other, due to their elasticity, and those 
exerted at the external surface: but at the outset we do not 
regard those external stresses. 

Upon a^y plane passing through a point within the soM. 
the stress at that point is definite in intensity and direction; 
for if along that plane the solid were divided into two parts, 
the mutual pressures between the cut surfaces at that point 
(no matter how complicated) can be compounded into one 
force, definite in amount and direction. Along this plane 
the intensity and direction of the stress varies, and at the 
point will only be constant over a very small part of the sur- 
face round it. If the stress be stated in lbs. per square inch, 
the total stress on this small surface which we are considering 
would be a mere fraction of the intensity. It will be con- 
venient to consider the intensities oi t\i^%^ ^Xit^'ssfc^ \»<^ \i^ 
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expressed, say, in lbs. per millionth part of a square inch, 
so that in the diagi'ams two or three arrows {each representing 
the intensity) may be drawn to represent the total amount 
of stress upon such small planes, without leading us to the 
supposition that they are of a few square inches iti extent. 
And yet whatever results we arrive at are equally true for 
intensities expressed in the usual units, for the intensit}"^ at 
A point on a plane, upon which the intensity varies, can be 
expressed to any degree of accuracy in lbs. per square inch. 
ThV at the poinl thfintensity ohL stress I IbsV square 
inch equals roughly, nearly, more nearly, &c. 

Amt. of stress on the sq. in. surrounding point, roughly, 
10 times amt. of stress on the ^th of a sq. in. surrounding 

point. 
100 times amt. of stress on the toit^^ ^^^ s^« ^°- surrounding 

point. 
1,000,000 times amt. of stress on the looioo Tr^^ ^^ ^ sq. in. 

surrounding point, &c., &;c. 

Let oao'b be a small rectangular pai*allelopiped at the point 
o in a solid in a state of strain. 

Let q = intensity of stress on the faces OA and o'b at an 
obliquity a. 

p = intensity of stress on faces OB and o'a at an obji- 
quity j8. 

The normal components are — 

qn =z q cos a. 

The two sets of forces pn directly balance each other, and 
may be removed, and also the two sets qn, leaving the 
parallelopiped in equilibrium under the action of the tan- 
gential components. 

pt=p sin j8, 
qt ==: q sin a. 

The amount of tangential stress on OA and o'b is the in- 
tensity multiplied by area of face. 

= qt . OK. 
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Also the amount on 
each of the faces 03 
and o'a 

= pt . OB. 

The two forces qt.OJi 
form a couple with a 
leverage ob tending 
to turn the parallele- 
piped in the direction 
in which the hands 
of a watch tum^ while 
the two forces pt . OB 
form a couple with a 
leverage OA tending 
to turn it in the oppo- 
site direction. Since 
the parallelepiped is 
in equilibrium un- 
der these two actions 
alone, the moments 
of these two couples 
must be equal. 

Force. Leverage. 
g^.OA 

= JPe . OB 

Now the 
multiplied 

length OB gives the 
volume of the paral- 
lelepiped, and the 
area ob multiplied by 
the length OA also 
gives the volume. 

/. qt.V==pt.V, 

qt = Pt, 

Hence, at a point 
within a solid in a 
state of strain, the 
tangential compon- 



X OB 
X OA 



area OA 
by the 




vrUensctbts caul chtiqtntiekf at O nt 
stnssts upon OA and OB 



V y \r ^f 



iTC- 



qjJfSnSL 




Normat camponmta 

IniettstUes of Um^enual 
comfonenis 




moA. 



-< — ^ 
-* — qn. 

-< qrv 



ROT "J 



Anunmu of tongotuoL jtres^ 
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ents of the stresses upon any two planes through it at right 
angles to each other are of an equal intenBity. 

Cor. — If it be possible that the stress upon any plane 
through a point be wholly normal, then will the stress be 
wholly normal upon another plane at right angles to that 
_ plane. 

At a point within a solid in a 
state of strain the directions and 
intensities of the stresses upon 
two planes at right angles to 
each other being given, to find 
the direction and intensity of 
the stress upon any third plane. 
Let q the intensity of the 
stress at on the plane AA.' be 
inclined to the normal at the 
angle a ; 

Let p the intensity of the 
stress at o on the plane bb be 
inclined to the normal at the 
angle j8; 

These two planes being in- 
clined to each other at a right 
It is required to find the intensity and direction of 




angle. 

the stress ( 




a third plane cc" through o inclined at any 
angle to aa. 

Consider a small triangulai- 
prism OAB at o bounded by 
portions of these three planes. 
It is in equihbrium under 
the stresses q on the ^e oa, 
p on the face ob, and the re- 

Juired stress r on the face ab. 
t is to be borne in mind that 
OAB is so small that all the 
planes OA, OB, and AB pass 
through the point o. Look 
upon OAB as a small parii at o 
of the preceding diagram en- 
largei. 
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Choodt^ ox and ot along OA and ob as rectangular axes, 
aad resolving p and q into components normal and tangential 
to the planes they act upon, we have 

p, = jj COS j8, normal to ob, 
q^ = q cos a, normal to OA, 
and pt = p sin 0, timgential to OB, 
qt = q sin a, tangential to oA. 




Since the intensities of the tangential component stresses 
upon the two planes OA and ob must be equal, one symbol ( 
is put for both upon diagram 

t = p[ —qt — p sin y3 — 2 sin a. 

Note that OA = ab sin 6, and ob = ab coa 6. 
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Lay off OD = force parallel to the axis ox 

= amount of normal stress on OB + amount 
of tangential stress on OA 

= Pn.AB COS 6 + t .AB sin 6 
= AB (pn COS 6 + t sin 6), 

Lay off OE = force parallel to OY 

= amount of normal stress on OA + amount 
of tangential stress on OB 

= gr,j . OA + ^ . OB 

=: qn.AB ain 6 + t.AB cos 6 

= AB (qn sin 6 + t cos 6). 

And completing the parallelogram we have for equilibrium 

RO =: amount of stress on AB in direction and 
magnitude, 

since RO^ = OD^ + oe^ 

= AB'^{(pnCo^6+tsiney+{qnsiae+tcose)^} 

' = ab2 {pn^ cos2 e + 2pnt siu 6 COS 6 + P sin2 e 

+ q'n^ sin^ e + 2qJ sin 6 cos 6 + 1^ cos^ 6 } . 

Adding 1st and 4th terms, 2nd and 5th, 3rd and 6th within 
the brackets, and noticing in adding last pair that sin^ + 
cos^ 6 = l,we have 

R02= AB2 1 jp„2 cos2 e + qn^ sin^ e+2t (pn + qn) sin 6 cos 6+ P } . 

Now the intensity of the stress upon AB equals the total 
stress upon it divided by the area of the plane AB. 

RO 

/. r= — 

AB 

=^{pn^cos^ ^+2n' sin2 e+2^ (i?n+?n) sin 6 cos e+t^] ; 
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also tanX0R=:- — 

DO 

OE On sin 6 + t cos 6 . 

= — = ^^ 7i-r—r-' — s gives XOR. 

OD pn COS 6 + t sm 6 ^ 

Hence the obliquity of the stress r to the plane ab is 

y = NOR 
= XOR - 6. 

Thus we have found r and v, the intensity and direction 
of the stress upon cc' in terms of ^J, q, a and j8. Hence, for 
a body in a possible state of strain, if at any point the 
stresses be given upon a pair of rectangular planes through 
it, the internal stress at that point is known. For the same 
point the internal stress might be known from haying the 
stresses on different such pairs of rectangular planes. These 
are called equivalent sets of stresses. By a more elaborate 
process we might show that the internal stress at a point is 
known if the stresses on any pair of planes, not coincident, 
be given. 

For some position of the plane cc' the stress OR will 
coincide with the normal ON, and we will have 

6 = XON = XOR. 

+o^ a — ffnsin e + * cos 

. . tan u — 7^ — ,—7 — : — >., 

Pn cosd + t sm 6 



or 



sin 6 __ qn sin 6 + t cos 6 ^ 
cos 6 ~ pnCOsO + ^ sin ' 



and clearing of fractions 

pnsin 6 cos 6 + t sin^^ = g^sin 6 cos 6 -h t cos^ 6. 
:, (pn-qn) sin 6 cos 6 = t (cos^ 6 - sin^ 0), 

.-. ^5^2 sin cos = ^ (cos' - sin' 6). 
.-. ^;^sin20 =^ cos 2 a 
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sin 2 2 



" COS 20 ~ 
or tan 26 = 



Pn-qn 

2t 



Pn-qn 



Two values of 6 diflfering by a right angle will satisfy this 
equation ; that is, there are two planes cc' and fe^ inclined at 
an acute angle 6 and an angle 90 + respectively to aa', 
and therefore at right angles to each other, upon which the 
stresses are wholly normal, the value of 6 being such that 
the tangent of twice 6 equals the ratio of sum of the com- 
mon intensity of the tangential stresses upon aa' and bb' 
to the difference of the intensities of the normal stresses 
thereon. 




X 

I 



■A 



B 

I 

F 



a..^* 



A' ' 



'3r 



Fig. 19. 



Fig. 20. 



Now if we know the internal stress at o from having the 
stresses upon the pair of rectangular planes aa' and bb' given, 
we may calculate the stresses upon the pair of rectangular 
planes ccf and f/, and so express the internal stress at o by 
means of this equivalent set. Of all the equivalent sets at o 
this is the simplest by means of which to express the internal 
stress, as the intensities only, of the stresses upon ccT and 
ff' require to be specified, being normal, and the position 
specified of one only of the planes since they are rect- 

Let AA^ and bb' he the pair of rectaxigaW ^laxiea through 
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o upon which the stresses are wholly normal, they are called 
the planes of principal stress, the stresses themselves the 
pniicipal stresses at the point o, and the axes ox and OT the 
axes of principal stress at that point. 

If the stress be oblique upon -Z. 

a. plane through a point within 
a solid in a state of strain, and J 

another plane be drawn through | 

the point parallel to the stress j' „. J M y 

thereon, then will the stress upon n 

the second plane be parallel to -^ 

the first plane. ^- ^^■ 

At the point o let ^ be the 
stress on the plane BB'. Draw aa' parallel to p, then will 
g be parallel to bB". 

Consider the equilibrium of the parallelopiped oacTb at o, 

p and i^ (the amount of the 
stress on the two fitces ob and 
Ao") are equal and in one straight 
line, being drawn parallel to OA 
through j: and F, the middle 
points of those faces. Therefore 
they are in equilibrium, and may 
be removed, leaving Q and ^ in 
equilibrium themselves. Hence 
Q and 4 are in one straight line, 
and as this straight line passea 
throitgh c and D, the middle 
points of the faces OA and sd, 
it is parallel to OB ; that is, ^ is ' 
parallel to B^. 

These are called a pair of 
conjugate stresses. Being in equi- 
librium independently of each 
other, these stresses can be con- pig. 22. 

sidered separately. 

CoE. The principal stresses are also conjugate. 

In tiig following examples the Bti«B&e& a.t% -^oeiJiNfe. 
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53. At a point within a solid the stress on a plane bb' 
through it is 90 lbs. per square inch, and inclined to the 
normal at an angle of 20°, 
Prt f^ ^ 1^^-^ ; while the normal compon- 

ent of the stress on another 
plane through it (aa' at 
right angles to bb) is 60 
Its. per square inch. Find 
the total stress upon this 
other plane. 
Given stress on bb' 

^ — 90 and ^ = 20°, 
normal component 

i)„ = 90. cos 20° =84-41, 
tangent, component 
Fig. 23. j>, = 90 . sin 20°=3078. 

Let q be the required stress on aa' and a its obliquity, 
its normal component qn = 60, 
and 3( = p, = 3078. 

Hence ^= ?„'+ q' = 4547-4, 

q = 67'4 lbs. per sq. inch, 

also cos a = — = '89, 




The total stress on aa' is 674 lbs. per square inch, and is 
inclined at 27° 7' to the normal 

54. aa' and bb' are a pair of rectangular planes through a 
point within a solid, the stress on bb' is 3280 lbs. per square 
inch, and its obUquity is 10°. The normal component stress 
on aa' being 2000 lbs. per square inch, find the intensity 
and obliquity of the total stress upon it. 

i' = 2080 ibfl. per sq. inch. a = \^° aT - 
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55. In last find the stress on cc a third plane through the 
point inclined at an angle of 30° to bb'. See diagram to 
general proposition, page 49, which is drawn to scale for 
this example. 

Pn = 3280 cos 10^ qn = 2000, t = 3280 sin 10° or 2080 sin 16°. 
= 32301. HZ. 569-5. 

Lay off along ox the total amount of stress parallel to its 
direction. 

OD = amt. of normal stress on OB + amt. of 
tan. stress on OA 

=: Pn . OB + t .Ok 

= Pn - AB COS 6 + t. ABmn 6 

= AB (pn COS 6 + t Hin 6) 

= AB (3230-1 X COS 30° + 569-5 sin 30") 

= AB (2797-4 + 284-8) = 3082-2 AB. 

Lay off OE = total stress parallel to axis OY 

= amt. of nor. stress on OA + amt. of tan. 
stress on OB 

= ^n . OA + ^ . OB 

= qn * AB ain 6 + t .AB cos 6 
= AB (qn sm 6 + t cos 0) 
= AB (2000 sin 30° + 569-5 cos 30°) 
= AB (1000 + 404-6) = 1404-6 AB. 
now or2 - od2 + oe' = 11472700 ab^ 

OR = 3387 AB total stress on ab, 

total stress on ab 
area of ab 

= — = 3387 lbs. per sq. inch. 

Ai X OE 1404-6 ...^ 

Also tan XOR = — = ^^^^ ^ = -4007. 

OD 3082-2 

XOR = 24° 30' and y = xoR - 30 == - 5" 30'. 

The intensity of the stress on cc' is 3,387 lbs. ijer aa^are 
inch, and is inc/ined at an obliquity oi ^ %^ . 



and 



r = 
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56. In example 53 find the intensity and obliquity of the 
stress on a third plane through the point inclined to bb' 
at5^ 

r = 93-8 lbs. per sq. inch, y = 17" 28'. 

57. The internal stress at a point within a solid in a state 
of strain being given 240 lbs. per square inch, of obliquity 8° 
on one plane bb' through it, and 193 lbs. per square inch, of 
obliquity 10"*, on the rectangular plane aa'. Find the position 
of the planes of principal stress. 

._ fjpe =240 sin 8^ =33-4, 
^ - ( ge = 193 sin 10° = 33-4. 

These must be equal or the stresses as given are im- 
possible. 

Pn = 240 cos 8° = 237-6, 

qn = 193 cos 10° = 190. 

Let 6 be the inclination of the planes of principal stress 
to the plane bb'. 

tan20z=: — ^^ zr 1-4034. 
jPn — ?» 

.-. 20 = 54° 32' or 234° 32' 
.*. e = 27° 16' or 117' 16'. 

If bb' be the plane upon which the 
given stress is 240, and ox the normal 
to it, then cc' and dd' are the planes of 
principal stress whose normals ON and 
CM make 27^* 16' and 117° 16' with ox 
Fig. 24. ^' respectively. 

58. Find the principal stress in example 57 ; that is, find 
the stress upon a third plane cc', inclined at 27° 16' to bb'. 

OB =zpn. OB + t ,0k 

= AB (pn C09 6 + t sin 6) 
= AB (237-6 cos 27*^ 16' + 33-4 sin 27° 16) 
= 226-5 AB. 
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OE = gn . A + < . OB 

= AB (qn sin 6 + t cos 6) 

= 1167 AB. 

or2 = od2 + oe2 = 64910 ab2. 

OR = 254-8 AB. 
r = — = 254'8 lbs. per sq. in, 

AB 

and is of course normal. 

In finding the other principal stress — that is, on third 
plane dd', inclined at 117° 16' to bb', we may use the func-^ 
tions of this angle and proceed 
as above, observing signs; but 
it is better to take the func- 
tions 

of DOK = 62° 44', 

when OA = ab sin 62° 44', 

and OB = AB cos 62° 44'. 

OD = j^n . OB — t , OA, 

since t acts against pn 

=: AB (pn COS 62° 44' — t siu 

62° 44') 
= AB (108-86 - 29-69) 
= 79-17 AB. 

OE = ^rt . OA — ^ . OB, since t acts against qn 

= AB (?„sin 62° 44' - t cos 62° 44') 

= AB (168-89 - 15-3) 

= 153-6 AB. 
so2 = od2 + oe2 = 29858 ab2. 
so = 172-8 AB 

s =^2=., 172-8. 

AB 

The principal stresses are 254-8 and n^'%\!^^.\^^ ^q^\xi^. 




Jg jT 



Fig. 25. 
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59. In Ex. 57 find the stress on a plane gg' inclined at 
30' 39' to bb'. 

Directly from data as given in 57, 

OD = p» . OB + ^ . o A 

= AB (pn cos + ^ sin 6) 

= AB (237-6 cos 30* 39' + 33-4 sin SO** 39') 

= 221 AB. 
OE = qn.OA + t, OB 

= AB {qn sin + < COS 6) 

=z AB (190 sin 30° 39' + 33-4 cos 30^39') 

= 125-59 AB. 
or2 = od2 + oe2 = 64792 ab^. 
OR = 2545 AB. 

r = — = 254*5 lbs. per sq. in. 

AB r u 

Also tan X0R=z 2H =z 5673. 

OD 

.-. XOR = 29' 34' 

y =: - xoR = 30' 39' - 29' 34' 
= 1' 5', obliquity of r upon gg'. 

To find the stress upon GG by finding the principal stresses, 
first as in 58, and then finding the stress upon GG from 
these. 

The plane of greatest principal stress cc' is inclined to bb', 
the given plane, at 27' 16' ; hence gg' will be inclined to ccf 
at 3' 23'. Hence we have the principal stresses 254*8 and 
172*8 to find the stress upon gg inclined at 3' 23'. 

Since there are no tangential stresses on cc' and dd' we 
have 

OD = p . OB 

= p . AB cos 6 

= AB . 254-8 cos 3' 23' 

= 254-3 . AB. 
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OE =: g' , OA 

== q,AB Bin 6 

= AB 172-8 sin 3' 23' 

= 10-2 . AB. 

0R2 = 0D2 + OE^ =: 64764 ABl 

OR = 254-5 AB. 
r = — = 254*5 lbs. per so. in. 

AB r ^ 

tan XOR = ?- =: 04011. 

OD 

XOR = 2^ 18'. 

y ziz - XOR = 3** 23' - 2* 18' 
= V 5', obliquity of r on gg'. 

60. At a point within a solid in a state of strain, the 
stresses upon a pair of rectangular planes through it are 
given — on bb' the intensity of the normal component stress 
is 40, on AA' the intensity of the normal component stress is 
30, and the tangential component stresses are each of inten- 
sity 10. Find the obliquity to bb' of the planes of principal 
stress, and find the principal stresses. 

Tan 2 = 2. .-. 6 = 31^*43' and 121** 43'; 

for « = 121- t3'{ll = 12|22iB | .^ _ ^.^ 

61. In 60 find the stress on a plane inclined at 46' 43' to 
bb'. Deducting 31" 43', we find the plane to be inclined at 
15' to the plane of greatest principal stress. 

Using results of 60, and t being then zero, 

r = 45 and y = 7° 8'. 
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Rankine's Method of Ellipse of Stress. 

The preceding method of finding the stress upon any pjEir- 
tieular plane through a point at which the state of strain is 
known, is too tedious to be readily remembered or applied, 
and becomes intricate when the stresses are some thrusts 
and others tensions. We now proceed to a general method. 
Having already proved that there is a pair of principal 
stresses at a point, we proceed, upon the supposition that 
these are given, to find the stress on a third plane through 
the point. 

Equal-like principal stresses. If the pair of principal 

stresses at a point be like 
(both thrusts or both ten- 
sions), and be of equal 
intensity, the stress on 
any third plane through 
the point is of that same 
intensity, and is normal 
to the plane. 

Let aa' and bb' be the 
planes of principal stress 
at the point o, and let 
the intensities of the 
principal stresses, p and 
q, be equal and alike 
(both thrusts). 

cc' is any third plane through o, inclined at to AA'. 

OAB is a small triangular prism at o, having its faces in 
those planes. This prism is in equilibrium under the three 
forces — the total thrusts under OA, OB, and ab. 

Lay off* OD = total stress parallel to oy 

= P , Oky 

and oe = total stress parallel to ox 

= g' . OB. 
Complete the parallelogram. 
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Fig. 26. 
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Then RO represents the total stress on ab in direction 
and amount. 

. OE a . OB OB . 

tan ROD = — = ^ — = - , since p = q. 

OD Jp.OA OA Jr :i 

.-. ROD = OAB 

= 6. .'. OR is upon ON. 
Hence RO is normal to ab. 



And 



Now 



RO^ = OD^ + OE^ 

= 2^2 oa2+ q^.OB^ 

= jp2 (oA^ + OB^), asp = q, 
= p^ . AB2. 
RO = jp . AB. 

amount of stress on AB 
r = 



area of ab 

^ RO 
~~ AB 
= p or q, 

CoR. Every plane through o is a plane of principal stress. 
Each point in a fluid is in this state of strain. 

Eqvjol-wrdike principal stresses, — If the pair of principal 
stresses at a point be unlike (one a thrust and the other a 
tension), and be of 
equal intensity, the 
stress on any third 
plane through the 
point is of that same 
intensity, and is in- 
clined at an angle to 
the normal to the 
plane of principal <y vttfct{f.> ^ 



ri 



stress, equal to that ^'^ 



•y.: 




'^rs 



which the normal g ^ 
to this third plane 
makes therewith, but 
upon the opposite side. 

Let aa' and bb' be the planes of principal stress at the 
point o ; p and q the intensities of tVi^ ^tyvi^y^^ ^\»x<^^^^'e. ^^ 



Fig. 27. 
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equal value, p being a thrust and q a tension ; and cc' any 
third plane through o inclined at 6 to aa'. 

OAB, a small triangular prism at o bounded by these three 
planes, is in equilibrium under the three forces, viz., the 
amounts of stress on its faces OA, OB, and AB. 

Lay off OD =: total stress parallel to ox, 
= p . OA, 
and OE = total stress parallel to OY in the direction of g, 
= q,OB. 

Complete the parallelogram odre. Then RO represents 
the total stress on AB in direction and amount. 

OE a. OB OB 
.-. tan ROD = — = ~ = — = tan oab 

OD p . OA OA 
ROD = OAB = 0, 

That is, RO is inclined at the same angle to the axis ox as 
ON is, but on the opposite side. Hence the inclination of 
RO to the normal ON is 2 Q. 

Again RO^ z=l od^ + oe^ 

= _p2 . OA? + g2 . ob2 

= _p2 (oa2 + ob2) 

=:J92.AB2; 
.*. RO =p. AB, 

_ amount of stress on ab 
~~ area of AB 

RO 



AB 

zn j9 or g. 

Consider the triangle of forces oer, we have oe drawn 
from o in the direction of q, then er drawn from E in the 
direction of p ; hence RO, taken in the same order, is the 
direction of r. 

If d be greater than 45*, r is like q. 

If Q equals 45°, r is entirely tangential to AB. 

If 6 be Jess than ^S"", r ia lik^ p. 
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Hence, if the principal stresses at a point be equal and 
unlike the stress on a third plane, is of that same intensity, 
is like the stress on the plane it is least inclined to, and its 
direction is inclined to the axis at the same angle as the 
normal is, but upon the opposite side. If the new plane be 
inclined at 45"*, the stress is entirely tangential. 

The principal stresses at a 
point within a solid in a state 
of stitiin being given, to find 
the intensity and obliquity of 
the stress at that point on a 
third plane through it. 

aa' and bb' are the planes 
of principal stress at O; ^ and 
q are the principal stresses. 
Let 'p be the greater, and let 
them be both positive, say 
both tensions. It is required 
to find r, the intensity of the 
stress upon cc', and y, the 
angle it makes with on, the 
normal to cc'. Q is the inclin- 
ation of cc' to aa', the plane 
of greatest principal stress. 

Of two unequal quantities 
the greater is equal to the sum 
of their AoZ/ sum and their 
hoXf difference, while the lesser 
equals their difierence. 
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Fig. 28. 



.'. p = ^2~ "•" ^T^' ^^ identity. 



^ 2 2 



tf 



We may look upon the plane aa' as bearing two separate 

tensions of intensities •^-—~ and i——-^ in lieu of the 

2 2 

tension of intensity p; and on the plan^ 'S^' ^%\i^'5yx\s^^'?L 
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tension of intensity a ^^d a thrust of intensity a 

in lieu of the tension of intensity q. We may now group 
these together in pairs, thus : the tension on AA of intensity 

^ a along with the tension on bb' of intensity ^ , 
and the tension on aa' of intensity a along with the 
thrust on bb' of intensity <^ - Then find separately for 




r ._ 



2 



Pig. 29. 



^ ttnsiim. 




eaai ^tmtum. 






each pair the stress upon cc', and finally compound these 
two stresses on cc' by means of the triangle of forces. The 
first pair is a pair of eqiuil-like principal stresses (both 

tensions of intensity ^ ^ ^ ). So the consequent stress on 

cc' will be a tension of intensity a » and normal to cc'. 

The second pair is a pair of equaUunlike principal stresses 

of intensity ■ ^^ (a tension on. aa' and a thrust on bb'), 
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so the consequent stress on cc' will be of intensity a 

and inclined at an angle 6 upon the side of ox opposite from 
that upon which on is. 

Figure shows these partial resultant stresses on AB, a 
very small part of cc', at o. To 
iind the total resultant stress upon 
cc', it remains to compound these 
by the triangle of forces. From 

o lay off CM = 'L = the in- 
tensity of the first partial stress 
and in the direction thereof, i.e., 
along ON. From M draw ^IB 



J' 




2 



= the intensity of the 



Fig. 30. 



second partial stress and in the direction thereof, i.e. parallel 
to OS, which direction is most conveniently found by describ- 
ing from M as centre with radius MO a semicircle qop, and 
joining QMP. 



€ 



\^ 




Fig. 81. 



Then will OR, the third side of the triangle OMR, taken in 
the ojypoaite order (see arrows) be the direction and intensity 
of the resultant stress r on cc'. 



E 
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The preceding construction, as shown on last figui-e, is 
geometrically all that is required, p and q being given to 
find r ; the text and figures given before being the develop- 
ment and proof. 

From the construction note that 

MP =: MQ = OM = L I 
also QR = MQ + MR 

- 2 "^ 2 

and PR = MP — MR 

_ pj-q _ p-q 
~ 2 2 

RMN = 26, 

ROM = y, the obliquity of r. 

Normal and tangential components of r, the stress 
on the third plane cc'. 

Drop RT perpendicular to on. 
The tangential component of r is 

Tt = RT 

= MR sin RMT 

= PJZI sin 2d 

= {p — q) sin Q cos 0, 

since sin 20 

=r sin (0 + Q) 

= sin 6 C08 6 + cos 6 sin 6 

= 2 sin cos 6. 




Fig. 32. 



Cor. — If dd' be the plane at right angles to cC, its inclin- 
ation to the axis ox being 6' = (6 + 90**), the sine of which 
equals cos 9 and the cosine of which equals — sin ; the 
vaJue of Tt for DD' will be fhe aotaa «a «Jaove, that is, the 
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tangential components of the stresses on any pair of rec- 
tangular planes is the same. This we arrived at by the 
general method, page 42, which compare. 

The normal component of r is 

Tn = OT 

=r OM — MT 

= OM — MR COS RMT 

=r OM + MR COS RMN 

(These two angles have the same cosine, but 
of opposite sign.) 

= OM + MR cos 20 

== OM X 1 + MR . cos (0 + 0) 

z=z ^ J * (cos20 + sin20) + 2-^ (cos20 - siu^^) 

=: p . COS^fl + q . SVD?0, 

Cor. — If 8n be the normal component of stress on dd' the 
plane at right angles to cc', whose inclination to ox is 
ff=(e + 90°), then 

8n = p cos^ ff + q sin^ Q\ 
But cos 0' = — sin 0, and sin ff — cos 6, 

8n = p sin^ 6 + q cos* 6, 
Now, Vn = p cos^ 6 + q sin^ 6, 

and adding, we get 

8n + r,, = p (sin20 + cos^d) + q {sin^O + cos'0) 
= p + q. 

That is, the sum of the normal components of the stresses on 
any pair of rectangular planes is equal to the sum of the 
principal stresses. From these two corollaries verify Ex. 
58, where principal stresses are found ; and Ex. 57, where 
the normal components on a pair of rectangular planes are 
found. Verify Ex. 60, which could have been solved by 
these two corollaries arithmetically. 
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As cc' moves through all positions, M moves ^n a circle 
round o, and R moves in a circle round M, OM and MK keep- 
ing equally inclined to the vertical on opposite sides of it. 




Fig. 38. 

The diagram shows their positions for eight positions of the 
plane cc'. The locus of R is an ellipse, the major semi-axis 
being 

"""2 2 

= P', 
and the minor semi-axis is 

ORj = OMj - MjRi 

__p + q _ Pj-Jl 



2 



= g. 
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This is called the ellipse of streaa for the point o within a 
solid in a state of strain. Its principal axes are the normals 
to the planes of principal stress, the principal semi-axes 
being equal to the intensities of the principal stresses. The 
radius-vectors ORj, 0R3, &c., are the stresses in direction 
and intensity upon the 
planes at o to which 
OMjj, 0M3, &c., are respec- 
tively the normals. 

The ordinary tram- 
mel for constructing 
ellipses consists of a 
piece like prq, whose 
extremities P and Q 
slide in two grooves, 
xox and yoy, at right 
angles to each other, 
while the point R traces 
an ellipse whose semi- 
axes are PR and QR. 

When Q arrives at o, 
R is at A and OA = QR 
= p ; when P arrives at 
o, R is at B and OB == 
PR zz: gr (page 66). 




Pig. 34. 



Taking o as origin, the co-ordinates of R are 

X = om; y = on. 
X = nn = QR.cosO = p . cos 6; 
and y = mR = PR sin == g sin 0. 

X 11 

- = cos d, and - = sin0. 
P ? 

+ K = cos20 + sin^e 



P 



= I, 



the ordinary equation to an ellipse in terms of the semi 
axes p and q. 

lip and q are both thrusts, it ia coTweme^iiX* \ft ^q^jkA^^ ^ 
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thrust positive, and the proof is exactly the same, all the 
sides of OMR representing the opposite kind of stress from 
what they did in last case. 

When p and q are unlike, the kind of stress of which the 
greater p consists, is to be considered positive. 

Thus, \ip>q and p, a tension while g is a thrust. The 
preceding proof will hold if q be considered to include its 
negative sign; but in this case if (— q) be substituted for q, 
we have 

OM — —,v-^x and MR = ^ '^-^. 
2 2 

Hence, the proposition is proved generally. 

It is important to notice that OM and MR are both always 
positive, that is like j) the greater principal stress, and that 

OM > MR, if q is positive (like ^)), 
and OM < MR, if q is negative (unlike p). 

An advantage of this geometrical method, the ellipse of 
stress, is that we are now in a position to examine the value 
and sign of Vy the stress upon a third plane cc', and of its 
normal and tangential components for special positions of 
that plane. OM is always normal to cc', while MR generally 
is resolvable into two components, one tangential to cc' and 
the other normal, which last has to be either added to, or 
subtracted from, OM to give the total normal component 
according as omr is an obtuse or an acute angle. 

a. Positions of cc for which r the stress upon it will have 
the greatest or least value. 

Since om and MR are constant, OR increases as the angle 
OMR increases, is greatest when OMR = 180" and OM and 
MR are in one straight line and a continuation one of the 
other when 

OR = OM + MR, 

p + q , p—q 
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and OB is least when Z omr is zero, and OM and MR again in 
one straight line, but MR lapping back on OM, when 



OR = OM — MR, 

p + q p^q _ 
' 2 2 ~ ^* 



or r 



-e^si 



Hence the planes of principal stress are themselves the 
planes of greatest and least stress. 

b. Position of cc' for which the intensity of the sheaHng 
stress has the greatest value. 

As OM is always normal 
to cc' it does not give 
any tangential component, 
whereas MR assumes all po- 
sitions as ccT changes, and 
will give a component tan- 
gential to cc', which will be 
the greatest possible when 
MR is altogether tangential 
to cc'. Hence the position 
of cc', which makes MR 
parallel to cc', ii that for 
which the shearing stress 
has the greatest possible 
intensity. 

Hence intensity of shearing stress = MR = i,y 

And since MR is parallel to cc' and OM normal to it, 

.• . OMR = 90°, 
and triangle mop being isosceles, we have 
— inclination of cc' 
= MOP 

And we know that the tangential stress is the same on 
the section perpendicular to cc. That is, the planes of 
greatest tangential stress are the two'planes inclined at 45° 
to the axes. 




Pig. 36. 
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We saw (page 44) that cast iron subjected to a simple 
thrust would give way by shearing along the plane inclined 
at 45"* to the thrust. We now infer that if it be in a com- 
pound state of strain it will most readily give way by shearing 
along a plane inclined at 45** to the planes of principal stress. 

c. Position of CcT for which the total stress r upon it will 
be enti/rely tcmgential. 

When q is like p, it is impossible for the stress to be 
entirely tangential to cc', because OM > MR, and however 
acute OMR may be, the normal component of MR, which has 
to be subtracted from OM to give the total normal stress, 
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Fig. 36. 

cannot be greater than MR itself, and consequently is always 
less than OM, and so there will always be a remainder; 
that is, for all positions of cc' there is a normal component 
stress, and the total stress can never be entirely tan- 
gential. 

But when g is unlike p^ then OM < MR, and for the par- 
ticular position of cc', when the angle omr is of such an 
acuteness that the normal component of MR, which has to 
be subtracted from OM to give tTie total normal stress, is 
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exactly of the same length as OM ; then the total normal 
stress will be zero, and the total stress r entirely tangential 

This occurs when E is in one straight line with cc'. BOM 
is then a right angle, making mo the normal component of 
MR, equal and opposite to OM, which it destroys, leaving the 
total stress or tangential to cc'; its magnitude is found thus : 

or2 = MR" - om2 (Euc. I. 47). 



or /' 



,'. r — "J Tpq, 

i.e., the stress on cc' is the geometrical mean of the principal 
stresses. Also 

W — RMN, 
.*. cos 20 = cos RMN 

= — COS RMO 

* MO 
"~ "" MR 

which determines 0, the position of cc' for which the total 
stress is tangential. 

Here we must guard against supposing that the above is 
the position of cc for which the tangential stress has the 
greatest intensity, for case (6) holds for all conditions of ip 
and 3 ; that is, the tangential stress on cc' when inclined at 
45**, although only a component of the total stress, will be 
of greater intensity than the total tangential stress in 
case (o). 

d. Position of cc' for which y, the obliquity of the stress 
thereon, is the greatest joossible. 

When q is unlike p, case (c) is the solution, for in it 
y = RON = 90**, the greatest possible. 
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When q is like ^, OM > MR ; and the obliquity of OR, the 
stress on cc' is greatest when y = ROM is the greatest 
possible of all triangles constructed with OM and MR for two 
of their sides. This occurs when ORM is a right angle. 

For suppose the tri- 
angle OMR cojQstructed 
with ORM not a right 
angle; then drop MR' 
at right angles to OR. 
It is evident that mr' 
is less than MR. Now 

MR' . 

sm ROM=: — is fifreat- 
MO ^ 

.- est when mr' is great- 
est ; that is, when mr' 
= MR ; that is, when 
ORM is a right angle, 
and ROM is greatest when its sine is greatest. 

In this case the intensity of the stress is 




OR 



2 — 



or 



OM^ — MR^ 



— /7\2 



2 / V 2 

a geometrical mean between the principal stresses. 
Also 20 = RMN, 
cos 20 = cos RMN 

MR 
= — cos ROM = — - 

OM 

p + q 

which determines 0, the position of go' for which the stress 
has the greatest obliquity possible. 

Note that these values of r and eoa ^9 ^.^:^ the same as 
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those of (c), and that whether p and q are like or unlike. 
But this is not the ease with y, the obliquity, which is 90° 

when p and q are unlike, and has — - for its sine when 

p + q 

p and q are alike. 

Exam2)le8. 

62. At a point within a solid in a state of strain the 
principal stresses are tensions of 255 lbs. and 171 lbs. per 
square inch. Find the stress 
on a plane inclined at 27° to 
the plane of greatest principal 
stress (converse of Ex. 58). 

Data, p = 255, q = 171, 
and = 27° ; hence ^ ^ 
= 213 and ^^-^ = 42. 

Construction, ox and OY, 
the axes of principal stresses, 
draw ON the normal to cc', 
making XON=:0=:27°. Lay 

off along it OM = —-^^ 

=r 213. From M as centre 
with radius MO, describe 
semicircle POQ and join pmq; 
lay off from M towards P, 




ioo 



I i.1 LJ JJLl til 



TOO 



QOO 



MR =:-^-r^^ — 



= 42. This con- 



Fig. 3S. 



struction makes MR to be inclined to ox at an angle 6 = 27°, 
but upon the opposite side of it from OM. 

Looking upon the principal stresses as a pair of like 
principal stresses, tensions of intensities 213, together with 
a pair of unlike principal stresses, a tension and a thrust of 
intensities 42. Then OM represents a tension 213 upon 
plane cc' due to first group, and MR the tension 42 uijon 
cc' due to second group ; henco OB., \J[v^ \!civ^ ^-^^ ^^ "^^ 
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triangle, taken in the opposite direction, represents the total 
stress upon cc' in direction and intensity. 



or2 = 



OR 



2 



A»2 — 



r = 



OM^ + MR'^ — 20M . MR COS OMR, 

but COS OMR = — COS RMN = — COS 20. 

OM^ + MR2 + 20M . MR COS 20. 

45369 + 1764 + 17892 cos 54^ 

57649. 

240 lbs. 



Also . ^ 
sin2^ 



sin ROM __ MR 
sin OMR ~~ r 



.*. sm y = 



42 
240 



!r i<o 



X sin 54 



= -14158. 
y =: 8** 8 , 

.and figure shows that r is upon the same side of the normal 
.as ox. Also r is a tension, since OR is like OM. 



63. In 62 find the intensity 
of the tangential stress on that 
plane through the point upon 
which the tangential stress is of 
greatest intensity. 

The plane is that which is 
inclined at 45° to the axes of 
principal stress. 

Since omr is 90^ MR is the 
tangential component of OB, 

n =mr = ^- 2^ 
== 42 lbs. per sq. in. 




Fig,S9: 
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64. In 62 find the obliquity to the plane of greatest prin- 
cipal stress of that plane, through the point, upon which the 
stress is more oblique than upon 
any other ; also find the stress. 

OM and MR being constant, the 
angle mob has its greatest value 
when MRO is a right angle. 

Construction — Upon OM describe 
a semi-circle; from M as centre, 
with radius MR, describe an arc 
cutting the semicircle in R; join 

OR. 

cos 26 = cos RMN 

= — COS OMR 




Fig. 40. 



_ MR _ P — q _ 42 

— "~ OM ~~ " p 4- q ~~ "~ 2l3 

= - 19718. 
.'. 26 = 101** 22' obtuse, cosine being negative. 
/. 6 = 50*" 41', obliquity of cc'. 
r^ = or2 = OM^ — MR* 

= p.q; 
.-. r = ^pTq = Vi3605 

= 208*8 lbs. per sq. in. of tension like OM. 
and sin y = sin RON 

= ^^ = -19718. 

MO 

.-. y = 11^22', obUquity of 7\ 

65. The principal stresses at a point being a tension of 
300 lbs. and a thrust of 160 lbs. per square inch. 

Find (a) The intensity, obliquity, and ^Lmdi oS. ^\x^Ra» wv 
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a plane throagh the point, inclined at 30° to the plane of 
greatest principal stress; (6) Find the intensity of tangen- 
tial sbrees mi tiie plane upon vhich that stress is greatest ; 
and (c) Find the inclination to the plane of greatest prin- 




cipal stress of that plane upon which the stress is entirely 
tangential and the intensity thereof 

Data, p — 300 ; q = — ICO, considering a 
tension positive ; 



P _+ 9 - 



70 tension like jj; 



and — -^ - = "230 tension like jj. 

(a) Const — Draw os at 30° to ox. Lay off OM — 70. 
From H as centre, with radius MO, describe semi-circle poq. 
Lay off ME = 230. Then OH, the third side of the triangle 
OMB, taken in the opposite order, is the stress on cc' in 
direction and intensity. 
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OR^ =: OM^ + MR2 — 20M . MR COS OMR 
=: OM^ + MR2 4- 20M . MR COS 20, 

1^ = 4900 + 52900 + 16100 

= 73900, 
r = 272 lbs. per sq. in. 
J sin y _ sin ROM _ MR 
sin 26 sin RMO or 

.-. sin y = P^ sin 60" = 7323. 

y =: 47* 5', being acute, or is like OM, a 
tension. 

(6) Take = 45°, 

n = MR = 230 lbs. 

(c) On MR describe a semicircle, and from M with radius 
MO describe arc cutting it at 0. 

RMN = 26. 

cos 20 zz: COS RMN 

= — COS RMO 
_ _ OM _ _ 70 
~ MR " 230 

=: - -3044, 

2$ = 107° 44', 

=: 53° 52', obliquity of 
plane, upon which 
the stress is entirely 



tangential. 
7- = or2 
= mr2— om^ 




= o2900 — 4900 or ( — 



Fig. 42. 

300- 160 X 



)-( 



2 / V 2 
or 300 X 160, 

orVl^.g^. 

Note that, though r is entirely tangential, it is less than 
Tt was in (6). 



= 48000 
r = 219 



so 
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66. At same point as 65, find intensity, kind, and obliquity 

of a stress on a plane 
inclined at 85* to the 
plane of greatest princi- 
pal stress. 

Since 6 > 53" 5?, > 
the obliquity of plane 
upon which the stress 
was wholly tangential, 
OR will make with ON 
an angle greater than 
90°, and OR will be un- 
like OM, and therefore a 
F'fi^- *3. thrust. 

Avs. r = 161*5 lbs. per sq. in., 
y = 165° 41'. 

67. The principal stresses on AA' and bb' are thrusts of 60 
lbs. per square inch. Find direction and intensity of the 
stress on a third plane cc' inclined at 65** to AA'. 

A 718. A thi-ust of 60 lbs. per square inch normal to CC'. 

68. The principal stresses on aa' and bb' are of the equal 
intensity of *34 lbs. per square inch, being a thrust on aa' 
and a tension on bb'. Find the direction and intensity of 
the stress on a third plane cc' inclined at 65° to AA'. 

Ans. A tension of 34 lbs. per square inch, its direction 
being inclined at 65*" upon the other side of ox from that 
to which ON is inclined. 

69. The principal stresses on AA' and bb' at a point o are 
a thrust of 94 lbs. and a thrust of 26 lbs. Find kind, inten- 
sity, and obliquity of a stress on a third plane cc' inclined 
at 65° to AA'. Using results of 67 and 68, 

r = 46*2 lbs. per sq. in. thrust, 
y = 34* 19'. 
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70. Two unlike principal stresses are ; on aa' a thrust of 
146 and on bb' a tension of 96 lbs. per square inch. Find 
the stress on cc' a third plane inclined to aa' at oO"* 

p = 146 and 5 = - 96. 
Half sum - ^ is a thrust like p. 

Half diff. ,^ is a tension like q, since Q > 45\ 

(See p. 62.) 
Ans. r := 119*22 lbs. per sq. in. thrust, 
y = 88^ 5'. 

71. At a point within a solid the principal stresses are 
thrusts of 248 lbs. and 172 lbs. per square inch. Find the 
normal and tangential component stresses on a plane 
inclined at 15** to the plane of greatest principal stress, 

n = (p — q) sin cos ^ = 19 lbs. per sq. in., 

rn = p . COS" -{- q sin^ = 243 lbs. per sq. in. 

These two results may be obtained with less labour from 
the formulae 

n =2-^ sin 2^, 

Given the intensities, obliquities, and kinds of the stresses 
upon any two planes at a point within a solid, find the 
principal stresses and their planes. • 

In the general problem we know of the triangle omr 
(fig. 31, p. 65), the parts OR and y for two separate positions 
of the plane cc', and we also know that OM and MR are the 
.srtme for both. 

If the two given stresses be alike and unequal. Let r and 
/ be their intensities, and y and y their obliquities upon 
their respective planes cc' and dd . Let r be greater than 
v\ Note that it is not necessary to have given the inclina- 
tion to each other of cc' and dd'. 

Choose any line on and draw OE. =i t, ^^h^ x£i'a5&«^'^ ^^ 
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angle nor = y, also diuw or'= /, and making the angle 
nor' = y\ Join rr', and from s the middle point of RR' 

draw, at right angles 
to it, SM meeting ON at 
M. Then will MR= MR'. 
Thus we have found 
OM and MR to suit both 
data, and comparing 
the construction of the 
direct problem (p. 65), 
we have 

and MR = "Z y 

and therefore 

29 = OM + MR 
and g' = OM -- MR. 

Consider the triangle 
om'r' alone, and con- 
sider on' the normal to 
dd' : then r'm'n'= 2 Q , 
hence ox, drawn paral- 
lel to m't (the bisector 
of r'm'n') is the axis 
of greatest principal 
stress. Thus we have found the principal stresses 'p and q, 
and the position of their axis ox and OY relative to dd' 
one of the given planes. 

Since r'mr — r'mn — rmn 

= 20'- 20, 

/. RMS = 0' — 0, 

the inclination to each other of cc' and dd' ; hence if the 
other triangle omr be moved round o through this angle, it 
and consequently CC', to which on is the normal, will also 
be in their proper positions with respect to the axes ox 
and OY. 




Fig. 44. 
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This triangle might be further turned round o till ON is 
inclined at an angle XON = on the other side of ox, when 
cc' would again be in a position for which the stress would 
be the same as given. This would increase the relative 
inclination of dd' and cc' by twice xoN or by 2 6, Adding 
this to &— 6 gives 6"+ 6. That is, the inclination of cc' 
and dd' to each other is 

(ff— 6) = RMS on diagram, 
or (0'4- 6) — NMS on diagram, 

according as they lie on the same or on opposite sides of ox, 
the axis of principal stress. 

If the two given stresses 
be unlike and tmequaL 
Considering r the greater 
as positive, r' will be 
negative. Follow the same 
construction, only OR' = r' 
must be laid off from o 
in the opposite direction. 
Complete the figure as be- 
fore, and we have from 
either figure— 

Tmgonometrically, 

MR2 = OM^ + 0R2 — 2 OM . OR cos MOR, 

or MR^ = OM^ + r^ — 2 OM . r cos y. 

Similarly, mr'^ =: OM* + r^ qp 2 OM . r' cos y from figures 

44 and 45 respectively. 

Subtracting, o = 7'^ — r'^— 2 OM (r cos y + r cos y ), 




Fig. 45. 



and 



p + q 



7^ _ /2 



(A) 



2 (?• cos y — r' cos y ) 
r' to include its sign ; 

also " ^^ Z = MR = V(OM* + 7^2 _ 2 OM . r cos y) 

or, = V(om' + r'2— 2 OM. r'cos y) 

a known quantity when the value of OM is substituted from 
equation (A). 



(B) 
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or 



or 



.(C) 



p and q are now obtained by adding and subtracting 
equations (A) and (B. 

From R drop RL perpendicular to ON, then 

ML = OL — CM, 
MR . COS NMR = OR . COS ROM — OM, 

if COS 26 = r COS y — ^— 9— ; 

cos20 = ^'^''''y^^'-^ 

p- q 

This gives twice the obliquity of the axis of greatest 
principal stress to the given plane cc' and similarly for dd' 

^ ^ ^, 2 r' cosy — p — q 
* cos 2 ^ = ' 

P- Q 

These three equations (A), (B) and (C), are the general 
solution of the inverse problem of the ellipse of stress. (A) 
and (B) give the intensities of the principal stresses, which 
will come out with signs showing whether they are like or 
unlike r, the greater of the given stresses. 

In some particular cases the construction gives a much 
simpler figure from which the equations (A), (B) and (C) in 
their modified form are readily calculated. 

Particular case (a). Given the intensities and common 

obliquity of a pair of conju- 
gate stresses at a point ; find 
the principal stresses, and 
position of the axes of prin- 
cipal stress. (Note, There 
are more than sufficient data.) 
In this case y = y and R, 
s, and r', are in one straight 
line with o. 

Draw any line ON, draw OR, making NOR = y = y , and 
lay off OR = r and or' =7*' in the same or opposite directions 

* Cos 26 being equal to cos rmo, may be calculated in terms of the sides 
of the triangle rmo when these have heen s^xeokdc^ C2\c^v\a.\>^ 




Fig. 4G. 
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according as it is like or unlike r ; and from s, the middle 
point of kr', draw SM at right angles to it, meeting ON at M. 
Joiii|M to R and r'. 

mi OS 

Then - = cos Mos, 

OM 

OS i(OR + OR') 

or OM = = -^ — -> 

cos MOS cos MOS 

Again, mr^ = ms^ + rs^ 

= (om2 - os2) + RS2 

= 0M2 - (0S2 - RS2) 

— OM^ - rV, 

(or substituting value of om) 

/r + rV 
\2 cos y/ 

J o/i 2 r COS y — p — g .^. 

and cos 26 = ~ (0) 

p — q 

as in general case, 

NON' zzlO" + i^ NMS = MSO + MOS = ~ + y. 

Hence, the angle between the two normals to the sections 
cc' and dd' (or the obtuse angle between cc' and dd') ex- 
ceeds the obliquity by a right angle. This we know ought 
to be the case from the definition of conjugate stresses. 

Practically, cos 20 = - cos RMO may be more easily calcu- 
lated in terms of the sides of the triangle OMR when these 
have been already found. 
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From M as centre with radius MR describe the semicircle 

hr'rN; then 

OH = OM - MR = g, 

ON = CM + MR = p. 

But ON X OH = OR X or' (Euc. iii. 36), 

or jpq —TV (Bj) 

may be used instead of (B). 

Particular case (6). Given the intensities and obliquities 

of the stresses on a pair 
of rectangular planes, 
find the principal stresses 
and the position of the 
axes of principal stress. 
(Note, There are more 
than sufficient data.) 

If r and r be like 
stresses, 

Draw any line ON. 
Draw OR = R, making 
NOR = y, also or' = r 
making nor' = y. 
Complete the figure as before. 

The given planes being at right angles are necessarily 
inclined upon opposite sides of the axis of principal stress ; 
hence 

NMS =r inclination of given planes 

= 90'^ 
and rsr' is parallel to on. 




Fig. 47. 






MS = RL z=z r Sm y, 

also, = r'k = r sin y , 

or r sin y == r' sin y'. 



That is, the tangential components of r and r' are equal. 

OM 1= I (OL + OK), 

^^—^ = l{r cos y + r cos y) (A) 
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That is, the sum of the principal stresses is equal to the sum 
of the normal components of r and /. (Compare page 67.) 

= (—-2 )+^^' 

(?'cosv — r cosy)2 , _ . - 
= ^ 1- - I. + r^smV- 

P — 9. //(rcosy — r'cosy )2 , o . 2 ) /-Dx 

.-. ^^^ = ^JY —"4 — +7'2sin2y| (B) 

tan20 = ^ = ^^— 5^ 

ML |(0L - ok) 

_ r sin y 

~~ \{r cos y — r cos y) 

= — -j:^^ , (O) 

V cos y — V cos y 

Putting r^ = MS = r sin y = r'sin y' = the common value 
of the tangential components of r and r ; also 

rn = OL := r cos y = norm. comp. of ?•, 
r^'nz 0K=: r'cos y = norm. comp. of 7*', 

the equations become 

P + q __ ^n 4- Tn .. . 

"T"- 2~" ^^^ 

'^^ = V{~-i^"- + 4 («■' 

and tan 20 = ^ (0,) 

' n ' n 

(Compare (C^) with page 51.) 

When r and r' are unlike stresses, consider r, the greater, 
as positive, then must or' be laid off in the opposite direction 
from o. 
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Now k'k — rl = }*, the common tangential component of 
r, and /; hence rr' and KL bisect each other at s or M, which 
coincide. 

/ 
/ 

o/ 

Fig. 48. 
CM = |(0L — ok), 

p+Jt _ r cos y - r^cos y 

2 ~ 2 ^^*^ 

MR2 zzz ML2 + RL2 

V — Q I ((^^ cos V + r-' cos vT o . « 'i ^ 

«>• ^T^ = V i 4 ^ + ' "'" y } (^^) 

ML JlK 

_ ^^ 

~ |(0L + OK) ' 

2r sin y 
or = / (C) 

r cos y + r cos y ^2' 

These three equations (A,), (B,), and (C,) are identical 
with (A), (B) and (C) with ( - r) "sxxVjaiYtMted for r\ 
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Exaini)le8. 

72. If from external conditions it be known that the 
stresses on two planes at a point in a solid are thrusts of 
54 and 30 lbs. per square inch, and inclined at 10° and 26** 
respectively to the normals to these planes, — find the prin- 
cipal stresses at that point; the position of the axis of 
greater principal stress relative to the first plane ; and the 
inclination of the two planes to each other. 

Make nor z= y = 10°, 

and nor' =^y — 26°. 

Lay off OR =: 7* = 54, 

and or' = r = 30. 

Join rr', bisect it in s, draw 
SM at right angles to rr', meet- 
ing ON at M, complete figure. 




Fig. 49. 



Then ^-t « = 

Li 



CM and ^^-^^ ? = MR = MR', 

2 ' 



or 



l^ — (cm + MR) and g = (cm — mr), also 20 = nmr. 
TrigonoTnetrically. 

MR2=iOM2 + OR2— 20M . OR cos MOR, 
or MR2rz:OM2-f- r^ — 20M . V COS y. 

Similarly, mr'2=om2+ r'^ — 2om . r' cos y . 
.'. Subtracting, o = r^ -- r'^ — 2oM(rcos y— r' cos y). 

2{r cos y— r cos y) 

P+q _ 2016 _ 
2 -52-43~'^^*^ W 

mr2 =: (38-45)2+ (54)2- 2 x 38-45 x 54 cos 10° 
= 1478-4+2916-4088-8=305-6. 

^^=.^/3()5^= 17-48 (R^ 



or 
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The principal stresses are— 
p=^-^ +-^-^^=oo'9S lbs. per sq. in. thrust, like r. 

q=z^--^ —^^^^=: 20*97 lbs. per sq. in., thrust being +. 
Drop RL perpendicular to ON. 

ML = OL — OM, 
or MR cos LMR = OR COS LOR — OM. 

.-. ^^?cos20 = rcosy-^J^ (C) 

^. 5317 9- 38-45 .^,,_ 

cos 20 = Tn-T^ = 8426. 

1748 

20= 32* 35'. 

= 16° 17i'=X0N, 

the inclination of ox, the axis of greatest principal stress, to 
ON, the normal to the plane for which r was given. 

Similarly, cos 2^'z= - -6573, 

2^^=131° 6' (obtuse for-), 
$'= 65** 33', inclination xon'. 

And inclination of the two planes to each other — 

N0N'=:RMS=:(^'-^) = 49° 15 J', 
or =:NMS=:(^+(^ = 8r 50^', 

according as they are on the same or opposite sides of ox. 

73. Knowing that at a point within a solid there is, on 
some one plane, a thrust of 84 lbs. per square inch of ob- 
liquity 6°, and on another a tension of 24 lbs. per square inch 
of obliquity 20°, find the principal stresses and the angle 
made by the axis of greatest prinicipal stress with the 
normal to £rat plane. 
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Consider a thrust positive (see 2nd fig. inverse problem). 
r=S4i and y=5° ; r'= - 24 and y =20°. 

'^-^^OM is a thrust, like r 

=S7 ~ ^,^ = 30-5 (A) 

2(r cos y— r cos y ) 

^— T-^ = MR is a thrust like o\ 
2 

MR2=OM2+r2— 20M .r cos y 
=930-25 + 7056 - 5104-48. 

^~^=MR = ^2881-77=53-7 (B) 

.*. by adding and subtracting (A) and (B), 

p = 84-2 and g=- 23-2, 

or the principal stresses are a thrust of 84*2 and a tension 
of 23*2 lbs. per square inch respectively. 

cos 2e= ^^^»«y-p-g 

p-q 

167-36-61 _ 
- 107-4 - ^•^"'^• 

.-. 20=7° 59' and 0=3° 59^', inclination to axis ox. 

74. The stresses on two planes at a point within a solid 
are 240 at an obliquity of 8°, and 2545 at 1° 5'. Find the 
principal stresses and the obliquities of these planes to the 
axes of principal stress. (Note, these are the planes bb', 
Ex. 57, and oa", Ex. 59 ; also principal stresses are calculated 
Ex. 58.) 

^^=OM=213-5 ) .•.p=254-76, 
^^=MB= 41-26) .-. 3=172-24, 
cos 20= -9926 or 26 =7° V . ; . Q ^^'^ ^'^V 
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Or geometrically — describe semicircle hr'rn. 

ON=OM + MR=:p and OH=:OM— MR^:^. 
ON . OHnzOR . OR' (EuC. Ill 36) 

or p .qi=zrr' (B') 

= 1200. 

Now ^+3=711 (A) 

p^+2]pq+q^=b0oo% 
but (B), 4^3 =4800. 
p2_ 2^95 +gr-= 255-2. 
p — q =16, 
adding to and subtracting from (A), 

.-. 2f>=711 + 16 and 2g=7ri-16. 
^=43*55 and g=27*55. 

75. At a point within a solid, on one plane, there is a 
tension of 272 lbs. per square inch, of obliquity 47° 6\ and on 
another a thrust of 161*5 lbs. per square inch, of obliquity 
15° 25'. Find the principal stresses and the angles which 
the normals to these planes make with the axis of greatest 
principal stress. 

V + ^ ^ Qj^ _ 7Q.2 1 ... -p = 300-2 tension, 
^-* = MR = 230 ) r.q = - 159-8 thrust, 

cos le = -5, or 26 = 60° .-. 6 = 30°, 

cos 20' = --982 or 26' = 169" 8'. :. 6' = 84° 34' 

= 85° nearly. 

.'. Ina between planes, {6' — 6) = 55°. Compare Examples 
65 and 66. 
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76. At a point within a solid a pair of conjugate stresses 
are thrusts of 40 and 30 lbs. per square inch, and their 
common obliquity is 10°. Find the principal stresses and 
the angle which normal to plane of greater conjugate stress 
makes with the axis of greatest principal stress. 

Draw OR, making NOR = y = 
y =r 10°; lay off OR = r == 40 
and or' — t— 30. Bisect rr' 
ia s, draw sm perpendicular to 
rr'; complete figure. Then 

^ 2^ ^ = OM, and ^-^^ = MR, 
and 26 = rmn. 

OS 



OM 



= cos y, 




or - — ^- - = TT^ 



= 35-o5 



OS Ut + r) 
cos y cos y 

2 ' -9848 

MR2= MS^ + RS^ 

= (0M2 - OS^) + RS"^ 
== 0M2 - (0S2 - RS^) 

r + r'- ^ 



Fig. fiO. 



(A) 



= 0M2 



=zOM2 



-{r4^)-(T^y} 



rr. 



^- - --* = V(l 263-8 - 1200) = 8, 



•(B) 



Adding and subtracting (A) and (B), 

p = 435 a thrust, and q = 27"5 a thrust, 

- , 78-8 - 71 ,, 
cos 26 = —„ — = '49 



16 



(O 



20 = 60' 40' and 6 = 30° ^0'. 
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77. At a point within a solid, a pair of conjugate stresses 
are 182 (tension) and 116 (thrust), common obliquity 30°. 

Find the principal stresses and 
the position of axes. 

r is negative 

^4^ = OM =: 38-14, 




Fig. 51. 



^-^ =z MR =: 150-3, 



.-. p = 188-4 (thrust) and g' = - 112-2 (tension), 
cos 20 = -7947 .-.0 = 18° 41'. 

78. The stresses on two planes at right angles to each 
other being thrusts of 240 and 193 lbs. per square inch of 
obliquities respectively 8° and 10°. Find the principal stresses 
also and their axes. 

Vn — T cos y and Tn = T COS y\ also Tt = v sin y :=ir sin y 
= 237-6 = 190 = 33-4 



H' s 




K N^ L 



Fig. 62. 

2 2 



P-9. 



= 213-8, 

= j{om + 1115) 

= 41, 

.-. p = 254-8 and q — 172-8, 

tan 20 = ' , = 1-4034, 

:. 26 = 54° 32' .-. 6 = 27° 16'. 
(See Ex. 74" and aT."^ 
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79. In last, had the 193 been a tension. Find the prin- 
cipal stresses. 

r - 240, and r' - - 193, 
Tn = 237-6, r:^ = - 190, 

also (r^)^ is always positive, 

£+_9 = OM = r^+'V = 23-8. 

^-^ = HK= VIC'S •-)' + '■■'} 

• = ^{(213-8)2 + (33-4)2} ^ 216-3, 
2) — 240*1, a thrust; 
and g = — 1925, a tension. 

tan 2^ = , — A-^ry ,. — lo62, 

Tn — rn 427-6 

2^ = 8° 53' .-. ^ = 4° 26'. 



Application of Ellipse of Stress to Stability 

OF Earthwork. 

Loose earth, built up into a mass on a horizontal plane, 
will only remain in equilibrium with its faces at slopes, 
whose inclinations to the horizontal plane are less than an 
angle 0. If the earth be heaped up tUl the slope is greater, 
it will run till the slope is at greatest 0. Moist and com- 
pressed masses of earth can be massed up into a heap with 
slopes greater than 0, and will remain in equilibrium for 
some time, but will ultimately crumble down till the slopes 
do not exceed 0, The surface soil, which is in a compressed 
state, may be cut away, leaving banks with slopes much 
greater than 0. These banks will only remain in equilibrium 
for a time. Slips will occur till ultimately the slopes are 
not greater than 0. 

This angle 0, which is the greatest inclination (of the 
slopes to the horizontal plane) at wTaic^i a ixi^diSi& c>fL ^'^x:^^'^ 
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remaiQ in equilibrium, is called the arigle of repose. It-has 
different values for different kinds of earth, and also different 
values for the same earth kept at different degrees of moist- 
neas. Average values of ^ for different kinds of earth have 
been aacertained by experiment and observation, and are 
tabulated. 

If two particles of earth are pressed together by a pair of 
equal thrusts p and p' normal to their sui'fece of contact, it 
requires a pair of equal thrusts g and a' tangential to that sur- 
face to make them slide upon each 
p other. For the same material, 

when q is just sufficient to make 
them slide, it is a constant frac- 
tion of p. The fi-action which q 
requires to be of m just to cause 
slipping is called the co-effieient of 
fnction for that material- Hence 
the co-eiEcient of friction 




ng-si 



The figure is section of two troughs enclosing earth, and 
pressed together with a thrust of intensity p normal to mn, 
the plane where the troughs 
ai-e just not in contact, andp 
is the amount of this thrust. 
A thrust of intensity q tan- 
gential to the plane mn tends 
to cause the earth to slide in 
two parts along MN, also Q is 
-J" the amount of fliis thrust. It 
Q be just sufficient to cause 
slipping along MN, then the 
c-o-efficient of friction of the 
earth is 



If on AB and CD there be 
thrust of intensity p inclineA W. tta ^.w^i^ <^ to the 
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normal, we know that for equilibrium of the prism ABCD 
there must be a stress q upon the faces AC and bd, whose 
tangential component equals that of p, but as far as stabil- 
ity along the plane mn is eoneerned we may neglect 5, 
whose normal components destroy each other through the 
material of the trough, and the tangential ones are at right 
angles to mn. Considering the components of p, the amount 
of p, we have P cos if> normal 
to MN. If slipping is just 
about to take place, then 

_ p sin ^ 
p cos 

= tan 0. 
It is apparent that is ^X^ 
the same angle we were 
before considering, for, if 
p be due to the weight of 
the material, the figure 
ought to be turned till the 
direction of P is verti- 
cal, when MN the plane of slipping will be inclined at to 
the horizontal. The relation between the co-efficient of 
friction and the angle of repose is 
fi — tan <p. 

Note. — If it were not upon the supposition that the two 
troughs (being very rigid compared to the earth) trans- 
mitted the equ.al and opposite forces tangential to MN with- 
imt causing lateral compression of the earth, we could not 
neglect q. From this result we learn that the tendency to 
slip along the plane MN, due to p, depends entirely upon the 
obliquity of p, and not at ail upon its intensity. Thus, if 
p be in(jined at an angle less than 0, slipping will not occur 
though p be ever so great : but, if p be inclined at an angle 
greater than 0, slipping will take place, though p be ever so 
small. 

Consider now the equilibrium of a small prism at a ^Inb 
within a mass of earth in a compo^ixid i'vaik ^ •^xxsxi^ 'Yv*. ^ 
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earth will have a tendency to slip along any plane through 
the point (as there is no artificial envelope), except along 
the planes of principal stress at the point; and the tendency 
to slip will be greater along the plane upon which the 
resultant stress is more oblique, and greatest along the pair 
of planes upon which the resultant stress is most oblique, 
it being of no consequence how intense the stresses upon 
these various planes may be, but only how oblique. If the 
stresses upon the pair of planes, for which the resultant 
stress is more oblique than that upon any other plane 
through the point, be themselves less oblique than <p, no 
slipping will occur upon any plane through that point ; but 
if more oblique than <p, slipping will take place along one 
or both of those planes. 

The condition of equilibrium of a mass of earth in a 
compound state of strain is that at every point the obliquity 
of the stress on the plane upon which, of all others through 
the point, the resultant stress is most oblique, shall itself 
not be greater than <p. 

Since earth can only sustain thrusts, the principal stresses 
at a point will be both thrusts which excludes case (c), and 
if y be the obliquity of the resultant stress upon the plane 
through the point upon which the stress is most oblique, 
then by case (d) (page 73), 

p — q 
sm V = - — r^ • 
^ p + q 

p _ lj+ sin y 
q ~ 1 — sin y 

By increasing y the numerator of the term on right-hand 
side of equation increases, while the denominator decreases, 

and so the ratio - increases. But is the greatest value of 

y for which equilibrium is just possible. 

/) _ 1 + sin 
g^ ~~ 1 — sin (p 

18 the greatest ratio of j) to q consistent with equilibrium ; 
hence — 
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The condition of equiUbHum of a mass ofeaHh is ncost 
conveniently stated thus: that at every point tlte ratio of 
the grea;ter to the lesser principal stress shall not eocceed that 
of (1 + sin <p) to (1 — sin <p). 

Or geometrically. 

Let OM = —k- ' / .. - - 

Jd 

Make mor = 0. 

Drop MR perpendicular to or. 

Describe the semicircle hrn. 

Because mor = obliquity of thrust on 

plane which sustains 
most oblique strain, Fig. 66. 

and ORM = 90°. 

MR — i^s . See case (d) (page 73). 

.-. ON = (OM + MR) = p, 
and OH = (OM — mr) = g. 

/> _ ON _ OM + MR 
(l~ 0¥L~ OM — MR 

_ OM + OM sin 
~ OM — OM sin 

_ 1 +*sin 
"" 1 — sin 

For earth whose upper surface is horizontal, the vertical 
stress due to the weight and the horizontal stress are for all 
points the principal stresses, and their intensities are the 
same for all points on the same horizontal plane. Generally 
the vertical is the greater principal stress in any ratio not 
exceeding the above, whenever it exceeds the horizontal 
thrust by a greater ratio the earth spreads. But the 
horizontal thrust may be artificially increased till it exceeds 
the vertical in any ratio not exceeding the above. When- 
ever it exceeds the vertical by a greater ratio, the earth 
heaves up. 

The third axis of principal stress, ^\udcvN5^«x^\SL^<^'^'^ 
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neglecting, is also horizontal. When the earth is in hori- 
zontal layers with a horizontal surface, all vertical planes 
are symmetrical, and the three planes of principal stress are 
any two vertical planes at right angles to each other and 
the horizontal plane. The stress on the two vertical planes 
being equal, the ellipsoid of stress becomes a spheroid. 
When, however, the horizontal thrust on one vertical plane 
is artificially increased, that plane becomes OTie of the planes 
of principal stress, and the stress may be different on 
all three. 

Eaiih in horizontal layers loaded with its own weight to 
find the pressure against a retaining wall with vertical face. 

Let 

lu = weight in lbs. of a ^'~^ ^ ' " ' ^' * 

cub. ft. of earth, 

<p = its angle of repose, 

D = depth of cutting. 

(Consider a layer 1 foot 
thick nonnal to paper, 
and choose a small rec- 
tangular prism at depth 
./• feet. 



•^ 



Waa 



•HLJ^ 



lL 



p' 



"^ 



-v^ 



t 



dc 



^ 



M 



Fig.br. 

Let p = intensity of vertical pressure at depth x, 
in lbs. per square foot. 

= weight of a volume of earth one square foot, 
in section and x ft. high, 

= wx lbs. 

If 5f = least horizontal stress which will give equilibrium, 
we have 

p __^ + sin <p 
q ~~ 1 — sin (p 

__ 1 — sin <p 
•'• ' * " 1 + sin^ 

1 — sin „ «, 

= , — — -. — ^ w . X lbs. per sq. ft. 
1 + sin <^ '■ ^ 

= intensity of preasvxTe oxvw^ ^\» ^^ ^^-^^kix. 



r . p 
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On the right, side of equation all is constant but aj, hence 

q is proportional to x, is zero at the top, 
and uniformly increases to 

q == — — . — ? ^t; . D at the bottom, 
^ 1 + sm 

and therefore 

1 — sin t«;D . X -^ i- 

^- — ; — V • —cT — avera<nre intensity of pressure 

l+sm^ 2 upon wall. 

And the area exposed to this pressure is D square feet. 
Hence the total pressure on wall is 

Q = average intensity of pressure X area 

1 — sin <A wi>^ 1, 
= _ - — -, — ^ • -^- lbs. 
1 + sin 2 

This tends to make the wall slide as a whole along MB ; for 
equilibrium the weight of the wall, multiplied by the coeffi- 
cient of friction at the bed joint there, must be greater 
than Q. 

If BM be laid oflF to represent the horizontal pressure at 
B, and M be joined to A, then MA gives the horizontal thrusts 
at all points as shown by arrows ; Q, the resultant of all 
these, is horizontal and passes through the centre of gravity 
of the triangle abm, it therefore acts at a point c called 
the centre of pressure, and 

1 D 

BC = 1 BA = ^ . 

Q tends to overturn the wall with a moment, 
M = Q X leverage about b, 

D 

= Q.3. 

1 — sin d> wif /. . 1, 
= :i — -^—. — ^ • -77- foot-lbs. 
1 + sm (p 6 

Let K be the centre of the vertical pressure due to the 
weight of the wall and horizontal pressure of earth at the 
bed joint at M; also let the vertica\Yvi[i^ diTaL^Ti^iXxx^xi.^^, 
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the centre of gravity of the wall, cut the joint at s, then for 
equilibrium the moment, 

the weight of wall x leverage KS, 

must be greater than the overturning moment, M. 

It is generally suflBcient to ascertain if this lowest bed 
joint be stable : but for some forms of wall it is necessary to 
go through all calculations for each bed joint considered in 
turn as bottom of wall. 

In a wall of uniform thickness throughout its height the 
weight increases as D, whereas the force Q increases as D^, 
and the lowest bed joint is most severely taxed. Similarly, 
for overturning, KS being constant, the product, KS x weight 
of wall, increases as D while M increases as D^ K would be 
the extreme outside of the wall if the material were per- 
fectly strong. For stone retaining walls SK is f ths of the 
half thickness. 

Examples, 

80. The weight of a certain earth is 120 lbs. per cubic 
foot, its angle oif repose 25°. It is spread in horizontal layers. 
Find the average intensity of the pressure against a retain- 
ing wall with vertical face and 4 feet in depth. Also, find 
total pressure against a slice of wall 1 foot in the direction 
of the length of the wall and the overturning moment of the 
earth about the lowest point. 

p = 4 tc; = 480 lbs per square foot, 

q — Y^- -' — V- P = 194*8 per square foot, 

Average pressure = J g = 97*4 per square foot, 
Total pressure q = 97*4 lbs. per square foot X 4 square feet, 

= 889-6 lbs. 
Overturning moment, M = Q lbs. x ^ ft. = 519*5 ft.-lbs. 

81. Gravel is heaped against a vertical wall to a height of 
3 feet; weight of gravel 94 lbs. per cubic foot; angle of 
repose, 38°. Find horizontal thrust per lineal foot of wall 

also overturning moment. 

Q = 100-5 lbs. ; ^ = IVi^-^ i\..-\^%. 
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82. A ditch 6 feet deep is cut with vertical faces in clay. 
These are shored up with boards, a strut being put across 
from board to board 2 feet from bottom at intervals of 5 feet 
apart. The co-efficient of friction of the moist clay is '287, 
and it weighs 120 lbs. per cubic foot. Find the thrust on a 
strut, also find the greatest thrust which might be put upon 
the struts before the adjoining earth would heave up. 

Since tan = '287, /. sin = '276, 

Q = 1225*5 lbs. per lineal foot. 

Thrust per strut = 6127'5 lbs., just to prevent earth from 
falling in. 

Greatest thrust which might be artificially put upon each 
strut before earth would heave up = 19,029 lbs. 

Depth to which the foundation of a wall must, at leasts 
be sunk i/n earth laid in horizontal layers con^tent with 
equilibrium of earth. 

Consider one lineal foot 
of wall, normal to paper. 

V = vol. of wall in cub. ft., 

Tr= wt. of wall per „ 

h = height of wall in feet, 

6 = breadth of wall „ 

d = required depth of 
found, 

w = wt. per cubic feet of 
earth, 

=: its angle of repose. ^- ^s. 

When the wall has just stopped subsiding, the earth on 
each side is on the point of heaving up, so at the horizontal 
layer at the depth of d, for points in contact with the 
bottom of found — p exceeds q in the greatest possible limit, 
that earth being on the point of spreading, 







^P 



*' 



or 



p __1 + sin (f> 
g "" 1 — ain <j)' 
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while, for points just clear of it, 2>' exceeds ([ in that limit. 

99' _ 1 + sin 
^ 1 — sin 

by multiplication ^^ •=• \-\-;^*~~ , ) • 

Now^' = 3, being horizontal thrust on same horizontal layer, 
cancel these and substitute the values 

weight of wall WV 
^ area exposed to p 6 ' 

(/' =z weight of column of earth = wd, 

, . WV . /l + sin 4>Y 

hence we have f — -. = 1 :; -, — ~ j , 

owd \1 — sm (p/ 

.-. d = — 7- ( , — ; — : — T ) fset. 
ivb \1 + sm (p/ 

83. A wall 10 ft. high and 2 ft. thick, and weighing 
144 lbs. per cub. ft., is founded in earth 112 lbs. per cub. ft., 
and whose angle of repose is 32"*. Find least depth of 
found. 

p = int. of vert, pressure below bottom of found 

= 144 X 10 = 1440 lbs. per sq. ft., 
^= Int. of vert, pressure at same depth clear of found 

= 112 . d, 



but«-=(1^45-jy 
p \l + sm (p/ 



.-. ^^^ = -094. .-. d = 1-21 ft. 
1440 

Note. — ^The height of wall above ground is 10 — c? = 8*79 ft. 

84. An iron column is to bear a weight of 20 tons ; the 
found 18 a stone 3 ft. square oii\>ed, «vmkm earth weighing 
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120 lbs. per cub. ft., angle of repose 27\ Find least depth 
to which it must be sunk for equilibrium. 

44800 lbs. .n^oiu r. 

p = - Q Tf = 4978 lbs. per sq. ft. 

<7 sq. tu 

q'=120d, 

but 2: = (J ---«i?-^Y. .-. d = *^. 141 = 6 ft. 
p \l + Sin 0/ 120 



85. A brick wall, allowing for openings, weighs 42,000 
lbs. per rood of 36 sq. feet (on an average one brick and a 
half), and stands 45 feet above ground ; the foundation is to 
widen to four bricks at bottom. Find depth of found in 
clay weighing 130 lbs, per cub. ft. (angle of repose 27**). 
1st, Neglect weight of unknown found. 

WV = Wt. of I lineal foot of waU = 4667 lbs. 

WV wt.oflin.ft. 4667 lbs. ...p,, n^ 

p = — j — = ^rr — =-s 7r-=lo56 lbs. per sq.ft. 

■^ area 01 base 3 sq. it. ^ ^ 

CL = 130 . cZ, 



. ^(^ /I - sin 27Y 

but — = l^i ; 1 ZT^^Ij 

7> \I + sin 277 



or ., >,'^ = *141. .'. d = 17 ft. least depth. 

Say 2 ft. deep by an average of 3 bricks thick, i.e,, 4J 
cub. ft. per lineal ft, at 125 lbs., gives extra weight of 563 
lbs. Adding this, 

.-. wv = 5230 lbs. .-. p = 1743, 
and d =^^X 141 = 2 ft. 
For safety this would require to be mcteska^d. 
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Earth spread in layers at a uniform slope, and loaded 
v)ith its own weight, to find the pressure against a retaining 
wall with vertical face. 

The simplest (commonest in practice) case is when the 
vertical face of wall is at right angles to the section showing 
greatest declivity of free surface. Let the paper be that 
section ; then AB is the trace of the upper surface, and y is 
its greatest inclination to the horizon. 



.^j)eos 




Fig. 59. 



This inclination must be less than the angle of repose, or 
the earth would run over the wall. In an extreTm^G^Q 
they may be equal. 

Generally, y -< 0. 

Taking a slice one foot normal to paper. 

Suppose the earth to be spread behind the wall in layers 
sloping at the angle y, consider a small parallelopiped in the 
layer of depth d having vertical faces. At this depth, D, 
the intensity in lbs. per sq. ft. of the vertical pressure due 
to the weight of earth above, on a horizontal surface, would 
be the weight of a cub. ft. of earth multiplied by the depth 
D in feet. Hence 

w . D lbs. per sq. ft. 

= intensity of vertical pressure on parallelopiped had its 
surface been horizontal. 

But the sloping surface ms la gce>^\.^x>i!ti^TLVJt^^^QttQ&^ond- 
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ing horizontal surface^ that supports the same earth ; so the 
vertical stress thereon will be less than wB, page 40, 
and will be 

Q' = WB cos 7 lbs. per sq. ft. 

This is the intensity of the pressure upon the faces MN and 
KL, and its direction is vertical and therefore parallel to any 
pair of vertical faces of the parallelepiped ; hence the pres- 
sure on any pair of vertical faces is in its turn parallel to 
the face MN ; that is, 

Every vertical plane is conjugate to the free surface. 

Now, as we have selected the faces of mnlk, the pressure 
on the faces parallel to the paper when drawn parallel to 
the free surface will be horizontal, so that the stress normal 
to the paper is a prinxiipal stress, and the plane of the paper 
is the plane of the other two principal stresses. We can 
apply therefore our preceding results. 

Let r' be the stress on the vertical faces MK and NL : it 
must be parallel to the free surface, and so its direction is 
that of the sloping layer, so that every point in that layer is 
in the same state of strain, and / is transmitted along the 
layer to act on the wall. 

To find out the ratio of the pair of conjugate stresses 
r and r' whose common obliquity is y. 

From particular case (a) of the inverse problem (p. 85), 
we have — 

{r + ry \ _p^q .^. 

and r + r' p+_q 

2 cosy 2 ^^ 

squaring both, 

we have (^1+^)' - , V = (P^^^ 

4 cos^ y 4 

and ^ ^T = (P +_# 

4 COS^ y 4 

dividing, 

we have 1 - * ^'-- -J = (^"T ^Y • 
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But when earth is just in equilibrium, 
P _ 1 + sin 





? 


1 — sin ' 


or 


p + q 


• 

sin 0. 


• 
• • 


4 rr cos'^y 
(r + ry 


sin^^. 


• 
• • 


4 rr cos^y 
(r + r )2 


— 1 - sin20 
cos^^. 


• 


47t' 


COS20 


• m 


(r + r )2 


COS^y ' 


or 


(r + r )^ 


. / cos^y 
4 rr — .,' 

COS^0 


Now 


4?V 


4 r?' . 


.T-X ^^i 


• /^ ./\2 


1 ^.//«os2y 



I. 



. , COSV — COS'0 TT 

z=47'r — Y-. — AJL. 

cos^^ 

Dividing 11. by I. 

'^'^ COS^y — COS^0 COS«0 



\r + r J 



cos'0 cos*y 

cosV — cos^0 



cos^y 



r - r _ ±_n/(cosV_— cos*0) 
r + r ~~ cosy 

On both sides add numerator to denominator for a new 
numerator, and subtract numerator from denominator for a 
new denominator. 

r _ cos y± ^(cos^— cos^0) 

r ~ cosy+ ^(cos*y— cos*0) ' 
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That is, r may be greater than r in the ratio taken with 
the upper signs, when the earth is on the point of spreading, 
and the wall is subjected to the least possible value of r\ 
and again r may be less than r in the ratio taken with the 
lower signs when the wall is artificially pressed against the 
earth till the earth is on the point of heaving up and the 
wall subjected to the greatest possible value of r\ 

For equilibrium of retaining wall take upper signs, and 
reverse the proposition. 



r 
r 



cos y — /v/(C0S2y __ C0S2^) 

cosy + ^(cos'^y — COS20) 



- = 1, 

r 



or 7''= r, 



Cor. — ^In extreme case y = i>, and .' 
i.e.y the conjugate thrusts are equal. 

Substituting the value of r, we have the least intensity of 
the conjugate thrust at the depth D, 



tv D cos y 



cos y — ^/(C0S2y — 008^0) 



cos y 4- V(c^s^y "" cos^^) 

and its direction is parallel to the upper free surface. 

On right hand side of equation 
everything is constant but D, so that 
r varies as the depth. 

Let D be depth of vertical face of 
wall. Lay off ct to represent r . 
Join AT, and the arrows will repre- 
sent the thrust on the wall. The 

r' 
average intensity is ^, and the total 

thrust is 

r' = av. in ten. x area exposed 

= — lbs. per sq. ft. X D sq. ft. 

_ ?^ cos ^ cosy- s/(C08V-C08V) 

- 2 °°^^cosy+ V(cosV-cos='^)^'^- 




Fig. 60. 
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and it passes through the centre of gravity of the triangle 
ATC or through the point E where EC — ^ and parallel to ba. 
Resolving r' into horizontal and vertical components, 

H =r r'cos 7, 

V = R'sin 7, 

H tends to make the wall slide as a whole along the bed 
joint at c, and for equilibrium of the wall, weight of wall x 
coefficient of friction at bed joint must be greater than H. 

H tends to overturn the wall with a moment 



^ = «© 



— cosv ^-x-y_(^?_«> i^??"^-) ft-ib^ 

6 cos y+ j(cos^y — cos^^) 



For equilibrium of wall, its weight multiplied by KC feet 
must exceed M. 

Note. — v, the tangential component of the pressure of 
earth on the back of wall multiplied by KC, tends to resist M 
and to increase effective weight of wall, but the friction of 
the earth there is liable to be destroyed by water lodging, 
and it is not safe to rely on it. 

Examples, 

86. A wall 9 ft. high faces the steepest declivity of earth 
at a slope of 20° to the horizon ; weight of earth 130 lbs. per 
cub. ft., angle of repose 30°. Find average intensity of 
thrust in wall, the total thrust on wall, the horizontal 
component of thrust, and the overturning moment of this 
component. 

Data, — 7 — 20**, greatest slope of earth, 
(j) z= 30^ angle of repose of earth, 
w = 130 lbs. wt. of cub. ft. of earth, 
D = 9 ft. depth o? ^a\\. 
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r = int. of vert, stress at depth 9 ft. per sq. ft. of 
sloping surface, 

= WD cos 7, 

= 130 X 9 X cos 20' = 1099 lbs. per sq. in. 

r is the conjugate thrust whose direction is parallel to 
sloping surface when earth is just about to spread. 

r' __ cos y— ^(cos^y— cos20) 
r ~ cos 7+ ^(cos^y — cos^^) 

_ -9397 -364 _ 
"" -9397 +-364"" 

.'. r' = 1099 X -442 — 486 lbs. per sq. ft. 
Aver. int. of conj. stress = 243 „ „ 
Total thrust per lin. ft. of wall 
r' = aver. int. x area 

= 243 lbs. per sq. ft. x 9 sq. ft. = 2187 lbs. 
H = r' cos y = 2055 lbs. 

. M = H lbs. X ? ft. = 6165 ft.-]bs. 

•J 

Weight of wall multiplied by coefficient of friction at 
lowest bed joint (if horizontal) must equal H multiplied by 
a factor of safety. Weight of wall multiplied by f ths of 
half thickness at bottom must equal M multiplied by factor 
of safety. (Weight in lbs., thickness in feet.) 

87. The slope of a cutting being one in one and a half^ 
weight of earth being 120 lbs. per cub. ft., and its angle of 
repose 36°. Find average intensity, amount of horizontal 
component, and overturning moment of the thrust upon a 
3 ft. retaining wall at bottom of slope. 

tan y = — = '6666. .*. y = 33'' 42'. 

I'D 

— 36° and ti; = 120 lbs. 
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r' _ cos y — J{cos^y — cos-<^) 
r ~~ cos y + x/(cos^y — cos2<^) 

/. r = 299 X -62 =: 185-4, 

and aver. int. of stress = 92*7 lbs. per sq. ft. 

r' 
r' = y X d sq. ft. = 278 lbs. 

H = r' cos y = 231-6 lbs. 
M = H X I - 231-6 ft.-lbs. 



= •62. 



-'»• 




i« q 

W i 

i, .. 

1^ 



■^y:?[ 



Figr. 61. 

Geometrically, r = wjy cos y, being the vertical conju- 
^i^ate thrust, on a layer at depth d, due to the weight of the 
earth, to find in terms of r, 

r\ the conjugate thrust parallel to layer. * 

p and g, the principal stresses in the plane of paper. 

0, the inclination to the direction of r (i.e., the verti- 
cal), of the axis of p. 

And the third principal stress normal to plane of paper. 



Construction. 



Let 0M=-^« 



Make mok = cl>, the angle of repose of earth, 
Drop MK perpendicular on ok. 



Then MR ^^~y~^' 



case (d), page 73. 
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Draw semicircle. 



OH = OM - MH = g, 
ON =: OM 4- MN = p. 



Draw or'r, making nor = 7, the common obliquity of the 
conjugate thrusts r and r', and 



, = r ) 



OR = 
or' 



Case (a), page 84. 



The relations among those are easily expressed trigono- 
metrically by supposing OM proportional to unity, when 

OM prop, to 1. 
radius p ,, sin <^. 
OS „ cos 7. 
MS „ sin 7. 

RS = VCmr'-ms') or 7(/o2-Ms') (Euc. 1.47.) 

prop, to ^/(sin^^ - sin^7 ) Jput (1 -cos^i^) for sin^*^ 

„ ^(cos^7 - cos2<^ ) ( and (1 - COS27) for sin -7 

|) or ON = OM + p 

prop, to (1 + sin <^), 

g or OH = OM — p 

prop, to (1 — sin <^), 

t' or OR = OS — RS 

prop, to cos 7 — J{cos^y - cos^c/)), 

and r or OR := os + rs 

prop, to cos 7 4- ^/(C08^7 - cos^<^). 

/r _ cos 7 - ^(008^7 - cos^*^) 
r ~ cos 7 + ^(cos27 - cos^^) ' 

. p __ 1 4- sin <^ 

r ~" cos 7 + J{coQ^y - cos^^) 

q _ 1 — sin <^ 

V r "~ cos 7 + V(cos^7 - cos^<^) 
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Case (a) page 85. 



The axis of p makes an angle = ^ RMN, with ON the 

normal to the (sloping layer) plane upon which r acts and 

on the same side. 

A 1 i/> 2r cos 7 - 7) - g 

Also cos 2Q = ^ ^ • 

p-q 

Since the earth is upon thp point of spreading, the princi- 
pal stress normal to the paper will be the least possible, 
that is, it will be equal to q. 

Hence this is the horizontal stress on vertical face of a 
wall running up the steepest declivity : that it is greater 
than the horizontal thrust for horizontal layers may be seen 
by supposing the figure on page 99 to be drawn to such a 
scale that the line on (which there represents the weight of 





f^aPA 



r 



Fig. 62. 



vertical column of earth) will be of the same length as OL 
(which in this case represents same), and superimposing it 
upon this figure, OH there will be seen to be shorter than 
OH here. 
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From a point o on layer at depth D draw on the normal 
to layer. Lay off cm, etc., complete construction as in last. 

Draw OP parallel to mt the bisector of rmn ; this and OQ 
are the axes of the ellipse of stress parallel to plane of paper. 

Lay off OP = ON and OQ = oh, and draw ellipse ; since MR 
is always less than OM for like principal stresses, MRO >- y, 
.\ NMR >• 2y, .*. >. 7, and OP is always in the acute angle 
ROW between the vertical and the line of greatest declivity, 
and making (6 — y) with vertical. 

Since the third principal stress normal to paper is also OQ, 
then if the ellipse revolves about pp' it will sweep out a 
apheroid. 

The resultant stress upon any plane is some vector of this 
spheroid. We know that for vertical planes the stress, 
being conjugate to r, is always in the sloping plane WB, so 
that all the vectors of spheroid lying in that plane determine 
the stresses upon all vertical planes both in direction and 
intensity. 




Hg. 63. 



The trace of the spheroid upon the sloping plane ebcf is 
an ellipse whose major axis is or'= r, and minor axis the 
third principal thrust equal to oq = q; and it lies on the 
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sloping plane with its minor axis horizontal and the 
major on line of greatest declivity. The thrust on any 
vertical plane is the vector of this ellipse which is conjugate 
to it. 

Thus a wall with vertical face whose found runs along gk 
(a line on the sloping surface inclined at an angle a to the 
horizon) sustains a thrust represented in direction and 
intensity by the vector ov which is conjugate to gok. 

ON is a line on the sloping surface at right angles to gk. 
The component of ov in the direction ON is that which is 
effective, the other being tangential to wall. As on page 65, 
construct OMV with v in place of R and r' in place ofp, and 

effective comp. of ov = r^cos^d + q Bin^d, 

and this is itself inclined to normal to face of wall at an 
angle jQ. 

.-. Hor. thrust on wall = (r'cos^O + q sin^0) cos ^. 

6 and fi are deter- 
mined thus : 

Let GKH be a verti- 
cal plane, and firstly, 
let GH be vertical Let 
also GCH be a vertical 
plane perp. to kck'. 
Then 

sin 6 = cos KGC 

_GC 
"" GK 

_ GH COSec y 

""" GH cosec a 
sin a 




Fig. 64. 



gives 6. 



sm y 



Secondly, let GH be perp. to GK, and let hk' be perp. to 
the plane gkh. hk' is therefore a line in the horizontal 
plane khk'. 



»> y} 



>' >» 
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.'. kk'2 = hk2 + hk'2. •.• khk' is a right angle. 

= GK^ + GH^ + HK'2 • . • KGH 

= GK2 + GK'2 •.• ghk' 

.'. kgk is a right angle. 

Hence it is evident that gk'h = jQ, 

. ^ GH gk tan a tan a 

^ GK GK tan GKK tan 6 
gives jS. 

Examples, 

88. A cutting having 3 ft. retaining walls is made on 
ground sloping at 20° to the horizon. Weight of earth is 
120 Iba per cub. ft. and its angle of repose 30°. Find the^ 
horizontal thrust and the overturning moment — 1st, When 
cutting runs horizontal ; 2nd, When cutting runs up steepest 
declivity; and 3rd, When cutting runs up at a declivity of 
15° to the horizon. 

Data.—T> = 3 ft. y= 20^ 

w = 120 lbs. <l> = 30°. 

(Ist) r = WJ> cos y = 338 lbs. per sq. ft. 

= stress on slop, layer at depth D, being vertical. 

/ _ cos y - J(coB^y - cos^^) _ '576 _ . . « 
r """ cos 7 + J{coa^y — C08^<l>) ~~ 1*304 "~ 

.-. /= 338 X -442 = 149-4 lbs. per sq. ft. 

= conj. stress on vertical face of wall, being in 
sloping layer inclined at y. 

r' cos y = 140*4 lbs. per sq. ft. 

=z horizontal thrust on wall, at foot of wall. 
Aver. do. = 70*2. 
Total do. = aver. int. x area 

= 70-2 X 3 = 210-6 lbs. per lineal ft. of wall. 

Moment = 210-6 x^ = 2106 ft.-lbs. 
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(irul) i=- lp-«if-i- -4^ = -383. 

/• COS y + V(cos y - cos^<^) 1*304 

.'. g z= 338 X -383 = 129-4 lbs. per sq. ft. 

= least principal stress in sec. on greatest 
declivity 

= also third principal stress which is horizon- 
tal on face of vertical walL 

Aver. do. = 65 lbs. per sq. ft. 

Total do. == 65 X area = 65 x 3 = 195 lbs. per lin. ft 

of wall. 

Moment = 195 lbs. X ^ = 195 ft.4bs. 

o 

(3rd) Section of spheroid of stress on the sloping layer is 
an ellipse whose axes are r and q. ov is the thrust conju- 
gate to vertical plane. 

o . 

XT • A sin a 

isow sin 6 = — > 

sm y 

L. sin = L. sin. a — L. sin y + 10 

= 9-4129962 - 9*5340517 + 10 

= 9-8789445. 

.-. 0=:49'ir. 

tan a tan 15* 



Also sin jS = 






tan ~ tan 49' 11' 
L. sin )S = 10 + L. tan 15° - L. tan 49** 11' 
= 10 + 9-4280525 - 100636448 
= 9-3644077. 
.-. i8 = 13'23'. 
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* Effective com. of ov = r cos^fl + q sin^^ 

= 63-83 + 7411 

= 137-94 lbs. per sq. ft. 

= thrust on vertical face of wall 
along OMN the intersection 
of sloping layer and vertical 
plane at right angles to face 
of wall. 

This is inclined to face of wall at an angle ^. 

,'. Hor. thrust = 137*94 cos ^ 

= 134-2 lbs. per sq. ft. 

Aver. do. = 67*1 „ „ 

Total do. = 671 x area = 201*3 lbs. per lin. ft. 

of wall 

Moment = 2013 x | = 201 -3 ft.-lbs. 

* The effective component of OV can be more easily calculated by the 
fonnnla 

Effective component of OV = - ^ + ~ cos 26 

- 139-4 + 10(--146) 
= 139-4 - 1-46 
= 137-94. 



END. 
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LIVY, Books ZZX.— XZV. Translated by A. J. Chttrch, 
M.A., and W. J. Brodribb, M.A. [In preparation. 

X.I.OYD— 7»tff AGE OF PERICLES. A Hbtory of the 
Politics and Arts of Greece from the Persian to the Pelopon- 
nesian War. By William Watkiss Lloyd. 2 vols. 8vo. 2ix. 
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mACmilMlULN'-FJ/iST LATIN GRAMMAR. By M. C* 
Macmillan, M.A.', late Scholar of Christ's College^ Cambridge, 
Assistant Master in St. Paul's SchooL iSmo. \Inpri^raHon. 

HlhSJLYTY — Works by J. P. MAhaffy, M.A., Professor of 
Ancient History in Trinity College, Dublin. 

SOCIAL LIFE IN GREECE; from Homer to Menandcr. 
Third Edition, revised and enlaxged. Crown 8vo. 9^. 

RAMBLES AND STUDIES IN GREECE, With 
Illustrations. Second Edition. With Map. Crown 8vo. 

IQf. 6^ 

A PRIMER OF GREEK ANTIQUITIES. With Illus- 
trations. iSmo* \u ' ■ * 

EURIPIDES. i8mo. is. 6d. 

MARSHALL — ^ TABLE OF IRREGULAR GREEK 
VERBSf classified according to the arrangement of Curtius' 
dreek Grammar. By J. M. Marshall, M.A., one of the 
Masters in Clifton College. 8vo. cloth. New Edition, is. 

MAYOR (JOHN E. n.^-FIRST GREEK READER. Edited 
after Karl Halm, with Corrections and large Additions by 
Professor John E. B. Mayor, M.A., Fellow and Classical 
Lecturer of St John's College, Cambridge. New Editioxif 
revised. Fcap.'8yo. 4s,6(f, 

BIBLIOGRAPHICAL CLUE TO LATIN LITERA* 
TURE, Edited after HUbneb, with large Additions by 
Professor John £. B. Mayor. Crown 8yo. 6s. 6d. 

MAYOR (JOSEPH 'B.}^GREEK FOR BEGINNERS. By 
the Rev. J. B. Mayor, M. A., Professor of Classical Literature 
in King's College, London. Part I., with Vocabulary, is. 6d, 
Parts II. and III., with Vocabulary and Index, y. 6d. com- 
plete in one Vol. New Edition. Fcap, 8yo. doth. 4s. 6d, 

•KULOm— PARALLEL EXTRACTS arranged for translation 
into English and Latin, with Notes on Idioms. By J. E. 
Nixon, M.A., Classical Lecturer, King's College, London. 
Part I. — Historical and Epistolary. New Edition, revised 
and enlarged. Crown 8yo. 3j. 6d, 
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MXXON drntinued— 

A FEW NOTES ON LATIN 'RHETORIC. With 
Tables and lUustradoiis. By J. E. NlxoN, M.A. Crown 
8vo. 2s, 

PBII.S (JOHN, M.A.)— ^A^ INTRODUCTION TO GREEK 
AND LATIN ETYMOLOGY. By John Pmle, M.A., 
Fellow and Tutor of Christ's College, Cambridge, formerly 
Teacher of Sanskrit in the University of Cambridge. Third 
and Revised Edition. Crown 8vo. lor. 6d. 

A PRIMER OF PHILOLOGY i8mo. u. By the same 
Author. 

PINDAR— THE EXTANT ODES OF PINDAR. Translated 
into English, with an Introduction and short Notes, by Ernest 
Mysrs, M.A., Fellow of Wadham College, Oxford. Crown 
8vo. 5f, 

VlUcro—THE REPUBLIC OF PLATO. Translated into 
English, with an Analysis and Notes, by J. Ll. Davies, 
M.A., and D. J. Vaughan, M.A. New Edition, with 
Vignette Portraits of Plato and Socrates, engraved by Jebns 
from an Antique Gem. i8mo. 41. 6d. 

PHILEBUS. Edited, with Introduction and Notes, by 
Henry Jackson, M.A., Fellow of Trinity Coll^^e, Cambridge. 
8vo. \In prt^ration. 

9IJiVTU9—THE MOSTELLARIA OF PLAUTUS. With 
Notes, Prolegomena, and Ezcorsos. By WiLUAM Ramsay, 
M.A., formerly Professor of Humanity in the University of 
Glasgow. Edited by Professor George G. Kamsat, M.A.9 
of the University of Glasgow. 8vo. 141. 

POTT8 (Ai W., M.A.) — ^Works by ALEXANDER W. POTTS, 
M.A., LL.D., late Fellow of St. John's College, Cambridge ; 
Head Master of the Fettes Coll^^e, Edinburgh. 

HINTS TOWARDS LATIN PROSE COMPOSITION. 
Ndw Edition. Extra fcap. 8vo. 31. 

PASSAGES FOR TRANSLATION INTO LATIN 
PROSE. Crown 8vo. [In Oe press. 
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ROBY— ^ GRAMMAR OF THE LATIN LANGUAGE^ from 
Plaatns to Snetoniiis. By H. J. Roby, M.A., kte Fellow of 
St. John's College, Ounbridge. In Two Parts. Third Edition. 
Part I. contaimng : — Book L Sounds. Book IL Inflexions. 
Book IIL Word-formation. Appendices. Crown 8va &f. 6^. 
Part II. — Syntax, Prepositions, &c. Crown Svo. iQf. td. 

"Marked by the clear and practised imiffht o£ a master in his art. 
A book that would do lumour to any country.^— Atkbhaum. 

SCHOOL LA TIN GRAMMAR. By the same Author. 

\In thej^ess, 

BJJSnSVNTHETIC LATIN DELECTUS. A First Latin 
Construing Book arranged on the Principles of Grammatical 
Analysis, With Notes and Vocabulary. By E. Rush, B.A. 
With Preface by the Rev. W. F. MoULTON, M.A,, D.D. 
Extra fcap. Svo. 2s. 

VLVWr—FIRST STEFS TO LATIN FROSE COMFOSITION. 
By the Rev. G. Rust, M.A. of Pembroke College, Oxford, 
Master of the Lower School, King's College, London, New 
Edition. i8mo. is. 6d. ^ 

BUTHBRFORD—^ FIRST GREEK GRAMMAR. ByW.G. 
Rutherford, M.A., Assistant Master in St. Paul's School, 
London. Extra fcap. Svo. is, 

WiSXUEY^A FRIMER OF LATIN UTERATURE. By 
Prof. J. R. Skbley. [In preparation. 

SKUCKBUROH--^ LATIN READER. By E. & SHUCK- 
BURGH, M.A., Assistant Master at Eton College. 

[In prepasrUion, 

TAOITUB—COMFLETE WORKS TRANSLATED. By A. J. 
Church, M.A., and W. J. Brodribb, M.A, 

THE HISTORY. With Notes and a Map, New Edition. 
Crown Svo. dr* 

THE ANNALS. With Notes and Maps. New Edition. 
Crown Svo. *js. 6d. ^ 

THE AGRICOLA AND GERMANY^ WITH THE 
DIALOGUE ON ORATORY. Witibi Maps and Notes. 
New and Revised Edition. Crown Sva 4J. td. 
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BAYMA— r^^ ELEMENTS OF MOLECULAR MECffA- 
NICS. By Joseph Batma, SJ., Professor of Pfaaosophy, 
Stonyhuxst College. Demy 8ya tos. 6d, 

BBABXXY-^AN ELEMENTARY TREATISE ON PLANE 
TRIGONOMETRY, With Examples. ByR. D. Bkasley, 
M.A., Head Master of Grantham Grammar SchooL Fifth 
Edition, revised and enlarged. Crown Svo. 5f. (kL 

BIiAOKBURN {jaJSGtB) —' ELEMENTS OF PLANE 
TRIGONOMETRY^ for the use of the Junior Class in 
Mathematics n the University of Glasgow. By Hugh 
Blackburn, M.A., Professor of Mathematics in the Univer- 
sity of Glasgow. Globe 8vo. u. 6^/. 

BOOIiB— Works by G. BOOLE, D.C.L,, F.R.S.^ late Professor 
of Mathematics in the Queen's University, Ireland. 

A TREATISE ON DIFFERENTIAL EQUATIONS. 
Third and Revised Edition. Edited by I. ToD^UNTER. Crown 
8vo. I4f. 

A TREATISE ON DIFFERENTIAL EQUATIONS. 
Supplementary Volume. Edited by 1. ToDHUNTSR. Crown 
8vo. ar. (icU 

THE CALCULUS OF FINITE DIFFERENCES. 
Crown 8vo. loj. 6d, New Edition, revised by J.* F, 

MOULTON. 

BROOK-SMITH (^i^Y- ARITHMETIC IN THEORY AND 
PRACTICE. By J. Brook-Smith, M.A., LL.B., St. 
John's College, Cambridge ; Barrister-at-Law ; one of the 
Masters of Cheltenham College. New Edition, revised. 
Crown 8vo. 4J. dd. 

CAMBRIDGB SBNATE-HOUSB PROBXiEMS and RIDERS 
WITH SOLUTIONS I— 

\%*jtf— PROBLEMS AND RIDERS. By A. G. Greenhill,' 
M;.A. Crown 8va 8j. 6<i 

iZ'j^-^OLUTIONS OF SENATE-HOUSE PROBLEMS. 
By the Mathematical Moderators and Examiners. Edited by 
J. W. L^ Glaisher, M^, Fellow of Trinity College^ 
Cambridge. \2s. 
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OANBl.B»-^JEZi> TO ARITHMETIC, Designed for the 
use 6f Schools. By H. Candler, M.A., Mathematical 
Master of Uppingham School. Extra leap. 3va Sf. 6(/. 

piftBYNB— ^A^ ELEMENTARY. TREATISE ON THE 
PLANETARY THEORY. By C. H: H. Cheyne, M.A., 
F.R.A.S. With a Collection of Problems. Second Edition. 
Crown 8vo. dr. 6d, 

CHRIgTXE— ^ COLLECTION OF ELEMENTARY TEST 

"' QUESTIONS IN PURE AND. MIXED MATHE- 
MATICS; with Answers and Appendices on Synthetic 
Division, and on the Solution of Numerical Equations by 
Homer's Method. By James R. Christie, F.R.S., Royal 
MiHtaiy Academy, Woolwich. Crown Svo. &r. 6d. 

QImITTORB^T/IE elements OP DYNAMIC. An In. 
troduction to the Study of Motion and Rest in Solid and Fluid 
Bodies; By W. K. Clifford, F.R.S., Professor of Applied 
Mathematics and Mechanics at University College, London. 
Part I.— KINETIC. Crown 8vo. ys. 6d. 

CUMMIKO— -4Ar INTRODUCTION TO THE THEORi 
OF ELECTRICITY. By LiNi^iBUS Cumming, M.A., 
one of the Masters of Rugby School With Illustrations. 
Crown 8vo. Zs. 6d» 

CUTBBERTSON— ^ UCLIDIAN GEOME TR Y. By Francis 
CuTHBSRTSON, M. A., LL.D., Head Mathematical Master of 
the City of London School Extra feap. 8vo. 41. 6^. 

DAIiTON—Works by the Rev. T. DALTON, M.A., Assistant 
Master of Eton College. 

RULES AND EXAMPLES IN ARITHMETIC. New 
Edition. l8mo. ts. td. 

[Answers to the Examples art appended. 

RULES AND EXAMPLES IN ALGEBRA. Part 1. 
New Edition. i8mo. 2s. Part II. i8ma 2x. 6d. 
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iramOPHRA»TUB—Tff£ CHARACTERS OF THEO* 
PHRASTUS. An English Translation from a Revised Text 
With Introduction and Notes. By R. C Jebb, M.A., Pro- 
liessor of Greek in the University of Glasgow. Extra ficap. 8vo. 

THRINCh- Works by the Rev. E. THRING, M.A., Head 
Master of Uppingham School. 

A LATIN GRADUAL, A First Latin Construing Book 
for Beginners. New Edition, enlarged, with Coloured Sentence 
Maps. Fcap. 8vo. 2j. dd, 

A MANUAL OF MOOD CONSTRUCTIONS. Fcap. 
8va i^. 6</. 

A CONSTRUING BOOK. Fcap Sva 2s. 6d. 

VIRGIIr-7'^^ WORKS OF VIRGIL RENDERED INTO 
ENGLISH FROSE, with Notes, Introductions, Running 
Analysis, and an Index, by James Lonsdale, M.A., and 
Samuel Lee, M.A. ,New Edition. Globe Svo. 5;. 6d. 
gilt edges, 4r. 6d, 

VrnXtJUB—A PRIMER OF ROMAN ANTIQUITIES. By 
A, S. WiLKiNS, M.A., Professor of Latin in the Owens 
College, Manchester. With Illustrations. i8mo. u. 

WRI6I]:T--Works by J. WRIGHT, M.A., late Head Master of 
Sutton Coldfield School 

HELLENIC A ; OR, A HISTORY OF GREECE IN 
GREEK, as related by Diodorus and Thucydides ; bdoig a 
First Greek Reading Book, with explanatory Notes, Critical 
and Historical* New Edition with a Vocabulary. Fcap. 8vo. 
3J. 6d. 

A HELP TO LATIN GRAMMAR-, or. The Form and 
Use of Words in LatiUj with Progressive Exercises. Crown 
8vo. 4r. 6d. 

THE SEVEN KINGS OF ROME. An Easy Narrative, 
abridged from the First Book of Livy by the omission of 
Difficult Passages; being a First Latin Reading Book, with 
Grammatical Notes. With Vocabulary^ 3; . 6^, 

[New and thoroughly revised edition, just ready. 
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WRIGHT Continued-^ 

FIRST LATIN STEPS; OR, AN INTRODUCTION 
BY A SERIES OF EXAMPLES TO THE STUDY 
OF THE LA TIN LANGUA GE. Crown 8vo. 5*. 

ATTIC PRIMER. Ananged for the Use of Beginners. 
Extra fcap. 8vo. 4J. ^ 

A COMPLETE LATIN COURSE, comprising Rules with 
Examples, Exercises, both Latin and English, on each Rule, 
and Vocabularies. Crown 8vo. 4f . 6(L . 
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AIRY— Woiks by Sur G. B. AIRY, K.C.B., Astronomer 
Royal :— 

ELEMENTARY TREATISE ON PARTIAL DIP- 
FERENTIAL EQUATIONS. Designed for the Use of 
Students in the Universities. With Diagrams. Second Edition. 
Crown 8vo. 5^. 6^. 

ON THE ALGEBRAICAL AND NUMERICAL 
THEORY OF ERRORS OF OBSERVATIONS AND 
THE COMBINATION OF OBSERVATIONS. Second 
Edition, revised. Crown 8vo, 6j. 6^. 

UNDULATORY THEORY OF OPTICS. Designed for 
the Use of Students in the University. New Edition. Crown 
8vo. 6s, 6d. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. 
With the Mathematical Elements of Music. Designed for the 
Use of Students in the University. Second Edition, Revised 
and Enlarged. Crown 8vo. gs, 

A TREATISE OF MAGNETISM. Designed for the Use 
of Students in the University. Crown 8vo. 9f. 6d. 

AIRY (OSMUND)—^ TREATISE ON GEOMETRICAL 
OPTICS. Adapted for the use of the Higher Classes in 
Schools. By Osmund Airy, B.A., one of the Mathematical 
Masters in Wellington College. Extra fcap. 8vo. y. 6d. 
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l^MJtta-IfATVRAL GEOMETSY: an Introdndion to tbe 

Logical Stud; oT M.thi^.Kf*. For SdwoU and Tedmical 

Clasto. With EipkiMtoiT Models, based npon the Tach)" 

metrical Works of Ed. La^mL Sj A. Madlt. iSmo. U. 

UodeU to lUusbale the abore, in Bo^ lat. 6/. 

mttMMlWLhX — ELEMENTS OF THE METHOD OF 
LEAST SQUARES. Bj Mansfikld Hsftuiuif, KlD. 
Professor of Civic and Mechanical Engineenngi Lchigll Uoi- 
■wasXj, Bethlehem, Penn. Crown 8ro. 71. 6^, 

wmiUat—ELEMEyTS OF DESCRIPTIVE GEOMETRY. 
B7 J. B. UitXMt, C.E., Assistant Lectoicr in Engineering in 
Owens College, Manchester. Ciom 8to. fix. 

■OBCMUr — <f COLLECTlOy OF PROBLEMS AND 
EXAMPLES IN MATHEMATICS. With Annren. 
Br IL A. Moigan, U.A^ fi«.<l»^... ami Mathematical 
Lectniei of Jena College Cambridge^ down 8to. &r. finL 

lKava.—DETERMJXANTS. By Thos. Mra. down Sto. 

mnraOH'S PRINCIPIA. Edited by Prct Sir W, Thomsom 
and I^ofesac Biacebubn. 4tix doth. ^xi. 6dL 
THE FIRST THREE SECTIONS OF NEWTON'S 
PRLVCIPIA, With Kolcs and Dhutntian. Abo ■ col- 
lection of Pnihlemi, principally iTi ti -y ^ H aa g-™-pi-^ of 
Newton's Uethodi. By Pikcital Fust, H.A. Tbiid 
EtIiiioD. Sto. at. 

VAaKimoN— WoAt by & FAKEIKSQN, D.D., FJLS., 

Tnioi and FnelMtw of St John'* Ccdlegei Canlndge. 

^.V ELEMSiejASr TREATISE ON MECHAH/CS. 

rvr Ow Vm of tbe Jaaiet niwni at the Univent^ a^ the 

lli|^ Oaaea in ScbMl*. VTiA a CoDcctL 

M«w mdoih wiiaal Cnwn Sm. doth. 91. U 

"- d ntEATtSa ON OPTICS. Kew Edifice mted and 

«nlaiC«d. Cnws 9vi\ dock m^ ti. 

m tun—XXMRC/SSS rXAXiTOMSTTC. ByS.PniLxr. 
V'i 



MATHEMATICS. i|, 



VUBASL-^ELEMENTARY HYDROSTATICS. Widi Nu- 
mtroil^ Examples. By J. B. Phkar, M. A., Fellow and late 
Assistant Tutor of Claje College, Cambridge. New Edition. 
Crown 8vo. doth. 51. 6d, 

mUB-^LESSONS ON RIGID DYNAMICS. By the Rev. 
G. PiRiEy M.A., late Fellow and Tutor of Queen's Coll^;e, 
Cambridge; Professor of Mathematics in the University of 
Aberdeen. Crown 8vo. 6x. 

WOKJm-B -AN ELEMENTARY TREATISE ON CONIC 
SECTIONS AND ALGEBRAIC GEOMETRY. With 
Numerous Examples and Hints for their Solution ; especially 
designed for the Use of Beginners* By G. H. PucKLX, M.A. 
New Edition, revised and enlarged. Crown 8vo. 7j. 6d. 

RAWJaVfBOVf— ELEMENTARY STATICS, by the Rev. 
Gbo&os Rawlinson, M.A. Edited by the Rev. Edward 
Stu&oss, M.A. Crown 8vo. 4J. 6d, 

RAYLiBlGU—TffE THEORY OF SOUND. By LOM> 
Rayleigh, M.A., F.R.S., formerly Fellow of Trinity Coll^;e, 
Cambridge. 8vo. VoL I. \2s. 6d. Vol. II. 12s. 6d. 

[Vol. III. in ih€ fress, 

ViVTtiOUiB— MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College, Crown 8vo. 31. 6d. 

ROUTH— Works by EDWARD JOHN ROUTH, M.A., F.R.S., 
late Fellow and Assistant Tutor of St Peter's CoU^^ Cam- 
bridge ; Examiner in the University of London. 

■ 

jW ELEMENTARY TREA TISE ON THE DYNAMICS 
» THE SYSTEM OF RIGID BODIES. With numerous 
Exampla. Third and enlarged Edition. 8vo. 21s. 
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STABILITY OF A GIVEN STATE OF MOTION, 
PARTICULARLY STEADY M67 ION. Adams' Prize 
Essay for 1877. Svo. %s. 6d. 
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T-B^KH ^ELEMENTARY MENSURATION FfiR 
SCHOOLS. With ttunefoas Examples. By S]i(FnMUS 
TxBATy KA., Head Idaster of Queen Elizabeth's .Gnanmar 
Scliody Riyington. Extra fcap. 8vo. 31. 6^. 

TODHUNTBR— Works by I. TODHUNTSR, M.A., F.R.S., of 

St Jobn's College^ Cambridge. 

" Mr. Todhonter is chiefly known to students of Mathematics as the 
anthor o£ a series of admirable mathematical text-bo6ks» which possess 
the rare qualities of being dear in style and absolutely free from mistakes, 
teal or other."— ^ATUKD AT Rsfibw. 



THE ELEMENTS OF EUCLID. For the Use of Colleges 
and Schools. New Edition. i8mo. 3/. 6d. 

MENSURATION FOR BEGINNERS. With numerous 
Examples. New Edition. i8mo. 2f. 6d, 

ALGEBRA FOR BEGINNERS. With numerous Examples. 
New Edition. iSmo. zs. Sd. 

KEY TO ALGEBRA FOR BEGINNERS, down 8vo. 

TRIGONOMETRY FOR BEGINNERS. VTiSh numerona 
Examples. New Edition. i8mo. sx. 6d. -j 

KEY TO TRIGONOMETRY FOR BEGINNERS. 
Crown 8¥0. 81. 6d. 

MECHANICS FOR BEGINNERS. WiA munefoiis 
Examples. New Edition. i8mo. 4r. 6d. 



. % 



KEY TO MECHANICS FOR BEGINNERS. Crown 
8vo. dr. 6d, 

ALGEBRA. For the Use of Colleges and Sch(«ds. New 
Edition. Crown 8va 7x. M 

KEY TO ALGEBRA FOR THE USE OF COLLEGES 
AND SCHOOLS. Crown 8vo. lo*. 6d. . 

AN ELEMENTARY TREATISE ON THE THEORY 
OF EQUATIONS. New Edition, revised. : Crown 8yo. 
V' 6d. 
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TODHUNTBR ConHfUted^ 

PLANE. TRIGONOMBTRY. For SchpoUi wi CoUeges. 

M!ew £(litioii. Crown 8vo. 5/. 

". I. . 

''key to ^ plane trigonometry. Crown 8vo. 

A TREATISE ON SPHERICAL TRIGONOMETRY. 
New Edition, enlarged. Crown 8vo> 4^. &/• 

PLANE CO-ORDINATE GEOMETRY^ as applied to the 
Straight Line and the Conic Sections. With numerous 
Examples. New Edition, revised and enlarged. Crown Svo. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. 
With numerous Examples. New Edition. Crown 8vo. 
IQf. ^ 

A TREATISE ON THE INTEGRAL CALCULUS AND 
IIS APPLICATIONS. With numerous Examples. New 
Edition, revised and enbtfged. Crown Svo. lor. &/. 

EXAMPLES OF ANALYTICAL GEOMETRY OF 

THREE DIMENSIONS. New Edition, revised, . Crown 
Svo. 4f. 

A TREA7ISE OA ANALYTICAL STATICS, With 
numerous Examples. New Edition, revised and enlarged. 
Crown Svo. los. 6d. 

A HISTORY OF THE MATHEMATICAL THEORY 
OF PROBABILITY^ from the tunc of Pascal to that of 
Laplace. Svo. 181. 

RESEARCHES IN THE CALCULUS OF VARIA- 
TIONSi principally on the Theory of Discontinuoas Solutions : 
on Essay to which the Adams Pri^ was mwardad in the 
University of Cambridge in iSyi. Svo. 6if. 
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80IEN0B PRIM BRS CofUlnued^ 

A8TRONOMT — By J. NORMAN LOCKYEX, F.R.S. «With 

nuxnerous Illustrations. New Edition. i8mo. is, 

"This is altogether one of the most likely attempts we have ever seen to 
bring astronomy down to the capacity of the young child.**— School 
Board Chroniclb. 

BOTANY— By Sir J. D. HooKXR, K.C.S.L» C.B., President 

of the Royal Society With numergiis IDiistrRtions. New 

Edition. i8mo. ix. 

"To teachers the Primer inll be of inestimable valuci and not only 

becaose of the simplicity <^ the language and the clearness with which the 

. subject matter is treated, bat also on acconm of its coming firoia the highest 

Eummity, and so furnishing p6dtive information as to the most smtable 

mehods cf teaching the sdenoe of botany."— Naturx. 

bOGIO— By Professor Stanley Jxvons, F.R.S. New Edition. 
i8mo. is. 
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It appears to us adnurably adapted to serre both as an iittradnction 
to sdendine reasimii^, and as a gnidie to sound judgment and reasoning 
in the ordinary afiairs oi Itfie."-- Acadbmy, - 

POLITICAL EOONOMT— By Professor Stanlkt Jkvons» 

F.R.S. l8mo. IX. 

** Unouestiooably hi efvery respect an admirable primer."— School 
Board UHipincLK. 

Jn preparation ;— 
mTROJQUCTORY^ By Professor HuxLiy. &c &U.: 



ELEMENTARY, CLA3S-BOOK& 

ASTRONOMY, by the Astronomer Royal. 

POPULAR ASTROI^OAfy. With Illiistratlotis. By Sir 
G. B. Airy, K.C.B., Astronomer RoyaL New Edition. 
i8mo. 4/. 6^. , 

ASTRONOMY. 

ELEMENTARY LESSONS IN ASTRONOMY. With 
Coloured Diagram of the Spectra of the Sun,' Stars, and 
Nebulae, and numerous lUustrations. By J. KoRMAM LocicrBit, 
F.R.S. New Edition. Fcap. 8vo» 51.64^ 

*'FalI, dear, soand, and worthy of* attention, Aot only as a' popular 
expomdon, bnt as a sdendfie ' Index.' "— Athknjcvm. - - 



SCIENCE. s; 

BIiSMBNTART CLASS-BOOKS Contimisd-' 

QUESTIONS ON LOCKYERS ELEMENTARY IMSf 
~ SONS. IN ASTRONOMY. For fhe Use of Schdob. By 
■ JoHK FoRBBS-RoBX&TSON. iSsoo. doth* limpw lA 6d. ■ 

PBT8I0X.0aY. 

LESSONS IN ELEMENTARY PHYSIOLOGY. With 
numerous niustmtioiis. ByT. H. HuxLXYy F.R.S., ProFeasor 
of Natural History in the Royal Sqhool of Brines. New 
Edition. Fcap. 8vo. 4/. 6^. 

" Pure gold throng^ioiit."-- Gvaxzhan. 

" Unqticsdonably the clearest and most eoajj^ete deaeotary tieatise 
on this subject that we possess in any langoageL"— ^bstmimstsk kkvisw. 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR 
SCHOOLS. By T. Alcock, M.D. i8mo. is. 6d. 

BOTAmr. 

LESSONS IN ELEMENTARY BOTANY. By D. 
Olivxr, F.R.$.y. F.L.S.» Profesnr of Botany in University 
College, Londoxu With nearly Two Hundred lUnstrations 
New EditiotL Fcapi 8va 4r. 6d. 

OHBMI8TRT. 

LESSONS IN ELEMENTARY CHEMISTRY^ IN- 
ORGANIC AND ORGANIC. By HxN&Y £. Rokx>s, 
FvR.S.y l^fesior of Chemistiy'ia Owen» College^ Manchester. 
%\nth nnmerons Ulnstrations and Chrooko-Iitho of the Solar 
Spectrum, and of the Alkalies and Alkaline EarUis. New 
Edition. Fcap. Sva 4/. 6dC 

"As a standard general test-book it detorves totakea lea^ng place."— 

SiteCTATOK. ... 

"We onhaatatingly pronounce it the best of all oar elsientary titatises 
on Chemistry/'— Mbdical TiMBS. 

A SERIES OP CHEMICAL PROBLEMS, pvepared with 
. Special Reference to the above, by T. E. Thorpe^ Ph.D., 
::. Profenor of Chemistry in the Yodcshire College of Science^ 
Leeds. Adapted for the preparation of Students for the 
Government, Science^ and Society of Arts Exanunatians. With 
a Prefiioe.by Professor Roscoi. Fifth Edition, with Key, 
iSmo. 2/. 
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EUW BMYART OZJklB-BdOKB CofrtimMd-^ 
POUTtOAXi BOOWOM T. 

POUTICAL ECONOMY FOR BEGINNERS. By 
MiLLicsNT Q. Fawcbtt. New Editioo. xSmo. a#* && 

*' Clear, eompaet, and eomprehenstve.'*— Daily News. 
" The relations of caintal and labour have never been mora rimply or 
.more deady expounded. "— Contbmpoxary Rbvibw. 

LOGIC. 

IZLEMENTARY LESSONS IN LOGIC; Deductive and 
Inductive, witii copious Questions and Examples, and a 
Vocabulary of Logical Terms. By W. Stanley Jevons, M. A. 
Professor of Political Economy in University College, London. 
New Edition. Fcap. 8vo. 3^. &/. 

" Nothing can be better for a school-book." — Guardian. 

"A mantud alike ample, interesting, and scientific. "—Athbiubum. 

PHYSICS. 

LESSONS IN ELEMENTAR P PHYSICS. By Balfour 

Stewart, F.R.S., Professor of Natural Philosophy in O www 

College, Mdnchester. With numerous Illustrations and Chromo- 

litho of the Spectra of the Sun, Stars, and Nebulae. New 

£diti<m. 'Fca]^. Svo. 4J. 6/. 

' ' The beau-ideal of a sdcndfic taxt-book, d^ar, aecurafe, and kborongh.** 
—Educational Timbs. 

PRACTICAL CHEMISTRY, 

TJ(IE OWENS COLLEGE JUNIOR COURSE OF 
. PRACTICAL CHEMISTRY. By Francis Jones, Chemical 

Master in the GramnuK School^ Manchester. With Pxe&ce by 
' Professor HoscoBk and HUistrations. - New Edition. i8mo. 

zs, 6iL •»'• 

CHEMISTRY. 

QUESTIONS AND EXERCISES IN CHEMISTRY. 

ty Francis Jones, (ihemical wJaster m the Grammar School, 

Manchester. \ln fr^aration. 

ANATOMY. 

- LESSONS IN ELEMENTARY ANATOMV. ^y St. 
George Mivart, FJLS., Lecturer In Comptttative Anatomy 
at St Mary's Hospitd; With upwards of 4OD Ilhis^kons. 
FOap. tvo. 6s, 6d, 



^ *^ It auiy be questioned whetfaor any other work on ttftlMUy tMulins in 
like compass so proportionately great a mass of infonaat^'^-^^IiANCBT. 

t^\ ** The werk is excellent, and should be in the hands oi avery it^dent of 
homan anatomy."— Mbdical Timxs. 
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AN ELBMENTARY TREATISE. By A. B. W. 
KxNNKDT, C.E., Professor of Applied Mechanics in Unhrefsity 
Coll^ie, London. With lUastnitions. [In pre^armtmi. 



AN ELEMENTARY TREATISE. By JOTN PUUUV 
Fnrfessor of Engineering, Imperial Cdkge of Engineoring, 
Yedo. With n m neions Woodcuts and .Numerical Examples 
and Exercises. i8mo. 4/. 6</. 



*' The young engineer and those seeking for a coaprdiensavelaMfrled^ 
of the use, jxmer, and ecoooiay of steam, could not have a more nsam 
work, ais it IS very intelligible, wdl arranged, and pgactical th i q u gh oa t*-— > 
Ikonmohgkb. 

PHYSICAIi GEOGRAPHY. 

ELEMENTARY LESSONS IN PHYSICAL GEO^ 
GRAPHY. By A. GuKii, F.R.S.t Murchison Professor 
ti Geology, &c., Edinburgh. With numerous Illustrations. 
Fcap. 8vo. 4J. 6d. 

QUESTIONS ON THE SAME. u. 6a. 

OBOGRAPHT. 

CLASS-BOOK OF GEOGRAPHY. ByC B.Clarkb, M.A., 
F.R.G.S. Fcap. Sva New Edition, with Eighteen Coloured 
Maps. y. . 

* ■ • . 

NATURAIi PHILOSOPHY. 

NATURAL PHILOSOPHY FOR BEGINNERS. By 
I; ToDHUNTBR, M.A., F.R.S. Part L The PropcMieS'Oi 
Solid and Fluid Bodies. i8mo. ^.(6d. 
Part II. Sound, Light, and Heat. ' f 8mo. y. 6d. 

SOUN]>. 

AN ELEMENTARY TREATISE. By W. H» STONE, 
M.B., F.R.S. With Illustrations. l8ma [ImmfiiitfUiy. 

P8YCBOLOGY 

ELEMENTARY LESSONS IN PSYCHOLOGY. By G. 
Groom Robertson, Professor of Mental Philosophy, 'ftc'.}'^ 
University College, London. [In fr^HtHon. 

Others in Preparaium% 
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MANUALS FOR STUDENTS. 

Crown 8vo. 

DTER AND WllXBm— THE STRUCTURE OF JPLANTS. By 

Professor Thiselton Dybr, F.R.S., assisted by Stz»it 
Vines, B.Sc, Fellow and Lectorer of Christ's Odl^e^ 
Cambridge. With numeroiis Illustrations. [In 



FAWCBTT— ^ MANUAL OF POLITICAL ECON0H\. 
By Professor Fawcett, M.P. New EditioQ. revised ani 
enlarged. Crown 8vo. I2j. 6a. 

rXiEIBCHBR— ^ SYSTEM OF VOLUMETRIC AHALi- 

SIS, Translated, with Notes and Additions, from the *<ifm ri 
German Edition, by M. M. Pattison Muir, F.R.S.K. VRtJi 
niostrations. Crown 8vo. *js, 6d, 

FLOWER (W* n,)— AN INTRODUCTION TO TUB OSTJS- 
OLOGY OF THE MAMMALIA. Being the substance of' 
the Course of Lectures delivered at the Royal Colle^ of 
Surgeons of England in 187a By Professor W. H. Flower, 
F.R.S.,F.R.C.S. With numerous Illustrations. New Edition, 
enlarged. Crown 8vo. lOf. 6d, 

rOBTBR and -BhUTOVBL— THE ELEMENTS OF EMFHyO- 
LOGY. By Michael Foster, M.D., F.R.S., and F. M. 
Balfour, M.A. Part I. crown 8vo. 7^. 6d. 

FOSTER and LANOLBY— ^ COURSE OF ELEMENTARY 
PRACTICAL PHYSIOLOGY. By Michael Fostbr, 
M.D., F.R.S., and J. N. LAnqley, B.A. New Edifion. 
Crown 8vo. 6j. 

HOQKBR (Ht.y-THE STUDENTS FLORA OF TUB 
BRITISH ISLANDS. IRj Sir J. B. Hooker, K.C.S.I., 
C.B., F.R.S., M.D., D.C.L. New Edition, revised. Globe 
8vo. los. 6d, 
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MANUALS FOR STUDENTS Continued^ 

WLJJTOmBY— PHYSIOGRAPHY. An Introduction to the Study of 
Nature, By Professor HyxLBY, F.R.S. With numerous Illus- 
trations, and Coloured Plates. New Edition. Crown 8vo. isJSd, 

HUXLSY and MARTIN— i€ COURSE OF PRACTICAL 
INSTRUCTION IN ELEMENTARY BIOLOGY. By 
Professor Huxley, F.R.S., assisted by H. N. Martin, M.B., 
D.Sc. New Edition, revised. Crown 8vo. 6j. 

HUXLEY and VAXK-EBr- ELEMENTARY BIOLOGY. 

PARI II. By Professor Huxley, F.R.S., assisted by 

— Parker. With Illustrations. \ln preparation. 

J-BVOtlB—THE PRINCIPLES OF SCIENCE. A Treatise 
on Logic and Scientific Method. By Professor W. Stanley 
Jevons, LL.D., F.R.S. New and Revised Edition. Crown 
8vo. I2X. 6d. 

OJMTVR^{VvoUmmor)—PIRSTB00K0FINDIAN BOTANY. 
By Professor Daniel Oliver, F.R.S,, F.L.S., Keeper of 
the Herbarium and Library of the Royal Gardens, Kew, 
With numerous Ulustrations. Extra fcap. 8vo. dr. 6^. 

PARSER and BETTANY— TWlfi MORPHOLOGY OP 
THE SKULL. By Professor Parker and G. T. Bettany. 
Illustrated. Crown 8vo. los. td. 

Thus— AN ELEMENTARY TREATISE ON HEAT. By 
Professor Tait, F.R.S.K Illustrated. [In the^ess. 

TUOWBOVf— ZOOLOGY. By Sir C. Wyville Thomson, F.R.S. 
Illustrated. \In preparaHnu 

TYLOR and iMiOKK'BnTEA-' ANTHROPOLOGY, By E. B. 
Tylor, M.A., F.R«S., and Professor £• Ray Lankester, 
M.A., F.R.S. Illustrated. \Ih preparathn. 

Other volumes of these Manuals wUl follow. 
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SCIENTIFIC TEXT-BOOKS* 

9ALX. (B. S., iLM.\—EXPERmENTAL MECHANICS. A 
Course of Lectures delivered at the Royal. College of Science 
for Ireland. By R. S. Baix„ A«M., Professor of ; Applied 
Mathematics and Mechanics in the Royal College of ^dence 
for Ireland. Royal 8vo. i6j. 

iroWBBXr-ATEKl'BOOK OF PHYSIOLOGY. By Michael 
FosTSSy M.D., F.R.S. With Illustrations. New Edition, 
enlarged, with additional Illastrations. 8vo. 21 j. 

GAMOBB— ^ TEXT-BOOK, SYSTEMATIC AND PRAC' 
TICAL, OF THE PHYSIOLOGICAL CHEMISTRY OF 
THE ANIMAL BODY. Including the changes which the 
Tissues and Fluids undergo in Disease. By A. Gamgee, 
M.D.^ F.R.S., Ptofessor of Physiology^ Owens ''Concge;' 
Manchester. 8vo. flh the press. 

• • - » . . . , . 

QiBQ^nikAJJ'BL--ELEMMNTS OF COMPARATIVE ANA- 

: TOMYi By Professor Carl Gegsnbaujbu A Translatioi| \)y 

F. . JefpreT; Bell» B.A. Revised witK l^r^face'by ProlesscM:' 

E. Ray Lankbster, F.R.S, With numorbus Bluslxadons. 

Svo. 2 If. 



•\ _ 



KU^jjmUJn—^^CHANfCAL THEORY OF]Bf AT. .Op- 
iated by Walter K. Browne. 8vo. {tn the press, 

» •..■.•''.''.'■,. I . "^ " ■ •■ '1 jf •■' 

fnswcomn-^^OPULAR astronomy. By S. INewcpmb, 

LL.D., Professor U.S. Naval Observatory. With 112 Ulus- 
traiions ahd 5 Maps of the Stars. Svo. "^ tSs. 

'* It is antiln anytiung else of its land, and will be of vofim ttse in drei&dne 
a knowled|^ of astronomy than nine-tenths of the books whidi have a^ipearea 
on the suDject of late years." — Saturday R^Tften, 

RBUI^AUX— raZ CINEMATICS OF MACHINERY. 
Outlines of a Theory of Machines. By Professor F. Rbulkaux. 
Translated and Edited by Professor A. B. W. Kennedy, 
C.E. With 450 Illustrations. Medium 8vo. 2i/, 
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8CIENTIFIO TSXT-BOOKS Continued^ 

ROBCOEand BQaOBJJBMVLB;B,--CIIEMISTRY, A Complete 
Treatise on. By Professor H. E. RoscoE, F.R.S., and Pro- 
fessor C SCHORLEMMER, F.R.S. Medium 8vo. Vol. I. — 
The Non-Metallic Elements. With numerous Illustrations, and 
Portrait of Dalton. 2iJ. Vol. II. — Metals. Part I. Illus- 
trated. i8x. [V&L II,— Metals. Part 11. in the press. 

80HORX.EMMER—i4 MANUAL OF THE CHEMISTRY OF 
THE CARBON COMPOUNDS, OR ORGANIC CHE- 
MISTRY. By C. Schorlemmer, F.R.S., Professor of 
Chemistry, Owens College, Manchester. With Illustrations. 
8vo. \\s. 

r NATURE SERIES. 

THE SPECTROSCOPE AND ITS APPLICATIONS. By 
J. Norman Lockyer, F.R.S. With Coloured Plate and 
numerous Illustrations. Second Edition. Crown 8vo. 3^. 6^. 

THE ORIGIN AND METAMORPHOSES OF INSECTS. 
By Sir John Lubbock, M.P., F.R.S., D.C.L. With nume- 
rous Illustrations. Second Edition. Crown 8vo. y. 6d. 

THE TRANSIT OF VENUS. By G. Forbes, M.A., Pro- 
fessor of Natural Philosophy in the Andersonian University, 
Glasgow. Illustrated. Crown 8vo. 3^. 6d. 

THE COMMON FROG. By St. George Mivart, F.R.S., 
Lecturer in Comparative Anatomy at St Mary's Hospital. 
With numerous Illustrations. Crown 8vo. y. 6d. 

POLARISATION OF LIGHT By W. Spottiswoode, F.R.S. 
With many Illustrations. Second Edition. Crown 8vo. 
3J. 6d. 

ON BRITISH WILD FLOWERS CONSIDERED IN RE- 
LATION TO INSECTS. By Sir John Lubbock, M.P., 
F.R.S. With numerous Illustrations. Second Edition. Crown 
8vo. 4J. 6^. 

THE SCIENCE OF WEIGHING AND MEASURING, AND 
THE STANDARDS OF MEASURE AND WEIGHT. 
By H. W. Chisholm, Warden of the Standards. With 
numerous Illustrations. Crown 8vo. 41. 6d, 

c 
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NATURE SERIES Continued-^ 

HOW TO DRAW A STRAIGHT LINE : a Lecture on Link- 
ages. By A. B. Kbmpb. With Illustrations. Crown 8vo. is. 6d. 

LIGHT: a Series of Simple, entertaining, and Inexpensive Expe- 
riments in the Phenomena of Light, for the Use of Students of 
every age. By A. M. Mayer and C. Barnard. Crown 8vo, 
with numerous Illustrations. 2s, 6d, 

SOUND : a Series of Simple, Entertaining, and Inexpensive Ex- 
periments in the Phenomena of Sound, for the use of Students 
ot every age. By A. M. Mayer, Professor of Physics in 
the Stevens Institute of Technology, &c. With numerous 
Illustrations. Crown 8vo. 3^. 6d, 

Other volumes to follow. 



EASY LESSONS IN SCIENCE. 

HEAT By Miss C. A. Martineau. Edited by Prof. W. F. 
Barrett. [In the press, 

LIGHT By Mrs. Awdry. Edited by Prof. W. F. Barrett. 

[In the press, 

ELECTRICITY. By Prof. W. F. Barrett. [In preparation. 



SCIENCE LECTURES AT SOUTH 
KENSINGTON. 

VOL. /. Containing Lectures by Capt Abney, Prof. Stokes, 
Prof. Kennedy, F. G. Bramwell, Prof. G. Forbes, H. C. 
SoRBY, J. T. Bottomley, S. H. Vines, and Prof. Carey 
Foster. Crown 8vo. 6s. 

VOL, II Containing Lectures by W. Spottiswoode, P.R.S., 
Prof. Forbes, Prof. Pigot, Prof. Barrett, Dr. Burdon- 
Sanderson, Dr. Lauder Brunton, F.R.S., Prof. Roscos, 
and others. Crown 8vo. 6j. 
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MANCHESTER SCIENCE LECTURES 
FOR THE PEOPLE. 

Eighth Series, 1876-7. Crown 8vo. Illustrated. 6d. each. 
WHAT THE EAR7H IS COMPOSED OF. By Professor 
RoscoE, F.R.S. 

THE SUCCESSION OF LIFE ON THE EARTH, By 
Professor Williamson, F.R.S. 

WHY THE EARTHS CHEMISTRY IS AS IT IS. By 
J. N. LOCKYER, F.R.S. 
Also complete in One Volume. Crown 8vo. doth. 2j« 

BLANFORD— TW:^ RUDIMENTS OF PHYSICAL GEO- 
GRAPHYFOR THE USE OF INDIAN SCHOOLS ; with 
a Glossary of Technical Terms employed. By H. F. Blan ford, 
F.R.S. New Edition, with Illustrations. Globe 8vo. 2s, 6d, 

'BVTXE.TT'-PHYSICAL UNITS, By Prof. J. D. Everett. 
Extra fcap. 8vo. [In the press. 

aiElKl^— OUTLINES OF FIELD GEOLOGY, By Prof. 
Geikie, F.R.S. With Illustrations. Extra fcap. 8vo. 3J. 6</. 

GORDON— ^A^ ELEMENTARY BOOK ON HEAT By 
J. E. H. Gordon, B.A., Gonville and Caius College, Cam- 
bridge. Crown 8vo. 2j. 

Vl'VaaHTfBLXCVLr-'OUTLINES OF PHYSIOLOGY IN IIS 
RELATIONS TO MAN. By J. G. M'Kendrick, M.D., 
F.R.S.E. With Illustrations. Crown 8vo. 12s. ed, 

MZAU^STUDIES IN COMPARA TIVE ANA TOMY. 

No. I. — The Skull of the Crocodile : a Manual for Students. 
By L. C. MiALL, Professor of Biology in the Yorkshire College 
and Curator of the Leeds Museum. 8vo. 2s. 6d. 
No. II.— Anatomy of the Indian Elephant. By L. C. Miall 
and F. Greenwood. With Illustrations. 8vo. 5j. 

mVlTL— PRACTICAL CHEMISTRY FOR MEDICAL STU 
DENIS. Specially arranged for the first M.B. Course. By 
M. M. Pattison Muir, F.R.S.E. Fcap. 8vo. is, 6d. 

%T3LKH1A^AN ELEMENTARY TREATISE ON HEAT, IN 
RELATION TO STEAM AND THE STEAM-ENGINE. 
By G. Shann, M.A. With Illustrations. Crown 8vo. /^. (ni. 

C 2 
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Vrvno^rr^METALS AND THEIR CHIEF INDUS! RIAL 
APPLICATIONS. By C. Alder Wright, D.Sc, &c. 
Lecturer on Chemistry in St Mary's Hospital Medical School. 
Extra f cap. 8vo. 3^. 6</. 

HISTORY. 

BBBSLY— ^7Y?^/£^ FROM THE HISTORY OF ROME. 
By Mrs. Beesly. Fcap. 8vo. 2s. 6d, 



it I 



The attempt appears to us in every way successful. The stories are 
interesting in themselves, and are told- with pofect simplicity and good 
feeling." — Daily Nbws. 

FREBMAN (BDWARD A.)-^ OLD-ENGLISH HISTORY. 
By Edward A. Freeman, D.C.L., LL.D., late Fellow of 
TWnity College, Oxford. With Five Coloured {Maps, New 
Edition. Extra fcap. 8vo. half-bound, dr. 

GREEN— .^4 SHORT HISTORY OF THE ENGLISH 

PEOPLE, By John Richard Green, M.A., LL.D. With 

Coloured Maps, Genealogical Tables, and Chronological 

Annals. Crown 8vo. Ss. 6d. Sixty-second Thousand. 

" Stands alone as the one general history of the country, for the sake 
of which all others, if young and old are wise, will be speedi^ and surely 
set aside." — ^Academy. 

G\3-&ST— LECTURES ON THE HISTORY 01^ ENGLAND. 
By M. J. Guest. With Maps. Crown 8vo. 6s. 

HISTORICAIi COURSE FOR SCHOOLS — Edited by 

Edward A. Freeman, D.C.L., late Fellow of Trinity 
College, Oxford. 

L GENERAL SKETCH OF EUROPEAN HISTORY. 
By Edward A. Freeman, D.C.L. New Edition, revised 
and enlarged, with Chronological Table, Maps, and Index. 

i8mo. cloth. 3^. 6d. 

" It supplies the great want of a good foundation for historical teachii^. 
The scheme is an excellent one, and this instalment has been executed in 
a way that promises much for the volumes that are yet to tq^pear."— 
Educational Times. 

II. HISTORY OF ENGLAND. By Edith Thompson. 
New Edition, revised and enlaiged, with; Maps. i8mo. 2s, 6d. 
IIL HISTORY OF SCOTLAND. By MarQAUT 
Macarthur. New Editic»n. i8mo. 2s. 

** An excellent summary, uncmpeachable as to facts, and putting then 
in the clearest and most impar^.^ light attainable."— Guardian. 
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HISTORICAL COURSE FOR SCHOOLS Continued— 

IV. HISTORY OF ITALy. By the Rev. W. Hunt, M.A. 

iSmo. 3J-. 

" It possesses the same solid merit^ as its predecessors .... the same 
scrupulous care about fidelity in details. ... It is distinguished, too, by 



information on ar^ architecture, and social politics, in which the writer s 
rasp is 

IMBS. 



grasp is seen by the firmness and clearness o£ his touch" — Educational 
Ti 



V. HISTORY OF GERMANY. By J. Sime, M.A. 
i8mo. Jj. 

*'A remarkably clear'and impressive history of Germany. Its great 
events are wisely kept as central figures, and the smaller events are care- 
fully kept, not only subordinate and subservient, but most skilfully woven 
into the texture of the historical tapestry presented to the eye."— 
Standard. 

VI. HISTORY OF AMERICA. By John A. Doyle. 

With Maps. i8mo. 4J. 6a. 

** Mr. Doyle has performed his task with admirable care, fulness, and 
clearness, and for the first time we have for schools an accurate and inter- 
esting history of America, from the earliest to the present time."— 
Standard. 

EUROPEAN COLONIES. By E. J. Payne, M.A. With 
Maps. i8mo. 4J. 6d. 

'*We have seldom met with an historian capable o£ forming a more 
comprehensive, far-seeing, and unprejudiced estimate of events and 
peoples, and we can commend this little work as one certain to prove of 
the highest interest to all thoughtful readers." — ^Times. 

FRANCE. By Charlotte M. Yonge, With Maps. i8mo. 

3J. 6d, 

GREECE. By Edward A. Freeman, D.C.L. ' 

[In preparation, 
ROME. By Edward A. Freeman, D.C.L. [In preparation. 

HISTORV primers— Edited by JOHN RICHARD Green. 
Author of *• A Short History of the English People." 

ROME. By the Rev. M. Creighton, M.A., late Fellow 

and Tutor of Merton College, Oxford. With Eleven Maps. 

i8mo. is. 

'*The author has been curiously successful in telling in an intdli- 
gent way the story of Rome from first to last." — School Board 
Chroniclb. 

GREECE. By C. A. Fyffe, M.A., Fellow and late Tutor 

of University College, Oxford. With Five Maps. iSmo. is. 

"We give our anqualified praise to this little manual. "-'Sckool- 

MASTEK. 



38 MACMILLAN'S EDUCATIONAL CATALOGUE. 

HISTORY PRIMBRS CotUinued^ 

EUROPEAN HISTORY. By E. A. F&eeman, D.C.L.» 

LL.D. With Maps. i8mo. is, 

** The work is always clear, and forms a luminoas key to European 
history."— School Board Chronicle. 

GREEK AN7IQUITIES, By the Rev. J. P. Mahaffy, 
M.A. Illustrated. iSmo. is, 

" All that is necessary for the scholar to know is t(dd so compactly yet 
so fully, and in a style so interesiing, that it is impossible for even the 
dullest boy to look on this little work in the same light as he regards his 
other sdiool books." — Scuoolbcastbr. 

CLASSICAL GEOGRAPHY. By H. F. Tozer, M.A. 
i8mo. \s, 

** Another valuable aid to the study of the ancient world. ... It 
contains an enormous quantity of information packed into a small space, 
and at the same time communicated in a veiy xeadabie shape."— Johm 

BULU 

GEOGRAPHY. By George Grove, D.C.L. With Maps. 
i8mo. I J. 

"A model of what such a work should be .... we know o£ no short 
treatise better suited to infuse life and spirit into the dull lists of proper 
names of which our ordinary class-books so often almost exclusively 
consist."— Times. 

ROMAN ANTIQUITIES. By Professor Wilkins. Dlus- 
trated. i8mo. \s. 

" A little book that throws a blaze of light on Roman History, and 
iS| moreover, intensely xsiitn.^axi^**'— School Board ChrenicU, 

FRANCE. By Charlotte M. Yonge. i8mo. u. 

In preparation : — 
ENGLAND. By J. R. Green, M.A. 



SUMMARY OF MODERN HISTORY. 
Translated from the French of M. Michelst, and continued 
to the Present Time, by M. C. M. Simpson. Globe 8vo. 

OTTk— SCANDINAVIAN HISTORY. By E. C Orrfc. 
With Maps. Globe 8vo. 6s, 

VAJJImI— PICTURES OF OLD ENGLAND.. By Dr. R. 
Pauu. Translated with the sanction of the Anther by 
£. C. OTTi. Cheaper Edition. Crown 8vo. 6s. 
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TAIT^ANALYSIS OF ENGLISH HISTORY, based ou 
Green's "Short History of the English People." By C W. A. 
Tait, M.A.y Assistant Master, Clifton College. Crown 8vo. 

WHEEIiBR— ^ HISTORY OF INDIA. By J. Talboys 
Wheeler. Crown 8vo. [In (he press, 

TONGB (CHARIiOTTB M.)— ^ PARALLEL HISTORY OF 
FRANCE AND ENGLAND : consisting of Outlines and 
Dates. By Charlotte M. Yongs, Author of ** The Heir 
of Reddyffe," &c., &a Oblong 4to. 31. 6d, 

CAMEOS FROM ENGLISH HISTORY. —FROU 
ROLLO TO EDWARD II. By the Author of " The Heir 
of Redclyffe." Extra fcap. 8vo. New Edition. 51. 

A SECOND SERIES OF CAMEOS FROM ENGLISH 
HISTORY— THE WARS IN FRANCE. New Editbn. 
Extra fcap. 8vo. 5^. 

A THIRD SERIES OB CAMEOS FROM ENGLISH 
iKT^rOiPK— THE WARS OF THE ROSES. New Edition. 
Extra fcap. 8vo. 5^. 

A FOURTH SERIES. [In the press. 

EUROPEAN HISTORY. Narrated in a Series of 
Historical Selections from the Best Authorities. Edited and 
arranged by E. M. Sewell and C. M. Yongb. First Series, 
1003— 1 154. Third Edition. Crown 8vo. 6s. Second 
Series^ 1088 — 1228. New Edition. Crown 8ya 6t» 
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*<>* For other Works by these Authors, see Theological 

Catalogue. j\ 

ABBOTT (RBV. B. K.y-^BIBLE LESSONS. By the Rev. 
E. A. Abbott, D.D., Head Master of the City of London 
School. New Edition. Crown 8va 4r. 6d^ 

** Wise, sngsestiTt, and really profound tnitiadon into religious thought ' ' 
—Guardian. 
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ARNOLD—^ BIBLE-READING FOR SCffOOLS^^THE, 
GREAT PROPHECY OF ISRAEL'S RESTORATION 
(Isaiah, Chapters xl. — ^Ixvi.)* . Arranged and Edited for Young 
Learners. By Matthew Arnold, D.C.L., formerly 
Professor of Poetry in the University of Oxford, and Fellow 
of OrieL New Edition. i8mo. doth, is, 

ISAIAH XL.-^LXVL With the Shorter Prophecies aUied 
to it Arranged and Edited, with Notes, by Matthew 
Arnold. Crown 8vo. 5^. 

GOIiDBN TREASURY PSALTER— Students' Edition. Being 
an Edition of '*The Psalms Chronologically Arranged, by 
Four Friends," with briefer Notes. i8mo. 3^. 6d. 

GREEK TESTAMENT. Edited, with Introduction and Appen- 
dices, by Canon Wbstcott and Dr. F. J. A. Hort. Two 
Vols. Crown 8vo. [In the press, 

HARDWZCK— Works by Archdeacon Hardwick. 

A HISTORY OF THE CHRISTIAI^ CHURCH. 
Middle Age. From Gr^ory the Great to the Excommuni- 
cation of Luther. Edited by William Stubbs, M.A., R^us 
Professor of Modem History in the University of Oxford. 
With Four Maps constructed for this work by A. Keith John- 
ston. Fourth Edition. Crown 8vo. los. 6d, 

A HISTORY OF THE CHRISTIAN CHURCH DC/RING 
THE RE FORMA TION, Fourth Edition. Edited by Pro- 
fessor Stubbs. Crown 8va lox. td, 

wmOr-CHURCH HISTORY OF IRELAND, By the Rev. 
Robert King. New Edition. 2 vols. Crown 8vo. 

\In preparation, 

MACIiEAR— Works by the Rev. G. F. Maclear, O.D., Head 
Master of King's College School. 

A CLASS-BOOK OF OLD TESTAMENT HISTORY. 
New Edition, with Four Maps. i8mo. 4;. 6d, 

A CLASS-BOOK OF NEW TESTAMENT HISTORY. 
including the Connection of the Old and New Testament 
With Four Maps. New Edition. i8mo. 5/. 6a, 
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BCACIiEAR Continued^ 

A SHILLING BOOK OF OLD TESTAMEN7 
HISTORY, for National and Elementary Schools. With 
Map. i8mo. cloth. New Edition. 

A SHILLING BOOK OF NEW TESTAMENT 
HISTORY, for National and Elementary Schools. With 
Map. i8mo. cloth. New Edition. 

These works have been carefully abridjged from the author's 
larger manuals. 

CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND. New Edition. i8mo. doth. 
IS, 6d, 

A FIRST CLASS-BOOK OF THE CATECHISM OF 
THE CHURCH OF ENGLAND, with Scripture Proofs^ 
for Junior Classes and Schools. i8mo. 6</. New Edition. 

A MANUAL OF INSTRUCTION FOR CONFIRMA- 
TION AND FIRST COMMUNION. WITH PR A VERS 
AND DEVOTIONS. 32mo. cloth extra, red edges. 2s. 

VL'OWSJAIM-'THE NEW TESTAMENT. A New Trans- 
jation on the Basis of the Authorised Version, from a Critically 
revised Greek Text, with Analyses, copious References and 
Illustrations from original autiiorities, New Chronological 
and Analytical Harmony of the Four Grospels, Notes and Dis- 
sertations. A contribution to Christian 'Evidence. By John 
Brown M'Clellan, M.A., late Fellow of Trinity Cdlege, 
Cambridge. In Two Vols. Vol.. I. — The Four Gospels with 
the Chronological and Analytical Harmony. 8vo. 3Qr. 

" One of the most remarkable productions of recent ttmss," says the 
Theological Review^ " in this department of sacred Uteratnre ; " and the 
British Quarterly Review terms it "a thesaurus of first-hand investiga- 
tions." 

MAURICE— 7!aB LORD'S PRA YER, THE CREED, AND 
THE COMMANDMENTS. Manual for Parents and School- 
masters. To which is added the Order of the Scriptiires. By the 
Rev. F. Oenison Maurice, M.A. i8mo. dotii, limp. is. 
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PROOTBR— i4 HISTORY OF THE BOOK OF COMMON 
PRAYER^ with a Rationale of its Offices. By Francis 
P&ocTBRy M.A. Thirteenth Edition, revised and enlarged. 
Crown 8va lor. dd. 

ROOTBR AND JOJLClMBABr-AN ELEMENTARY INTRO^ 
DUCTION jrO THE BOOK OF COMMON PRAYER. 
Re-arranged and supplemented by an Explanation of tlM 
Morning and Evening Prayer and the Litany. By the 
Rev. F. Procter and the Rev. Dr. Maclear. New 
and Enlarged Edition, containing the Communion Service and 
the Confirmation and Baptismal Offices. i8mo. 2s. 6d. 

PSAZiMS OF DAVID CHRONOLOGIOALLT ARRANGBO. 
By Four Friends. An Amended Version, with Historical 
Introduction and Explanatory Notes. Second and Cheaper 
Edition, with Additions and Corrections. Cr. 8vo. %s, 6d, 

UAMHAlf'^THECATECHISER^S MANUAL; or, the Church 
Catechism Illustrated and Explained, for the Use of Qeigy- 
men, Schoolmasters, and Teachers. By the Rev. Arthur 
Ramsay, M.A. New Edition. i8mo. is. 6d. 

BIWPBOK— AN EPITOME OF THE HISTORY OF THE 
CHRISTIAN CHURCH. By William Simpson, M.A. 
New Edition. Fcap. 8vo. 3^. 6d. 

TRENCH— By R. C. TRENCH, D.D., Archbishop of Dublin. 
LECTURES ON MEDIEVAL CHURCH HISTORY. 
Being the substance of Lectures delivered at Queen's Collie, 
London. Second Edition, revised. 8vo. I2x. 

SYNONYMS OF THE NEW 7ESTAMENT. Eighth 
Edition, revised. 8vo. 12s. 

WB8TCOTT — Works by BROOKE Foss Westcoit, D.D., Canon 
of Peterborough. 

A GENERAL SURVEY OF THE HISTORY OF THE 
CANON OF THE NEW TESTAMENT DURING THE 
FIRST FOUR CENTURIES. Fourth Edition. With 
Prefece on "Supernatural Religion." Crown 8vo. 10s. 6d. 

INTRODUCTION TO THE STUDY OF THE FOUR 
GOSPELS. Fifth Edition. Crown 8vo. los. 60. 
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WB8TOOTT Continued-^ 

THE BIBLE IN THE CHURCH. A Popular Account 
of the Collection and Reception of the Holy Scriptures in 
the Christian Churches. New Edition. i8mo. doth. 
4J. ticU 

THE GOSPEL OF THE RESURRECTION, ThoughU 
on its Relation to Reason and History. New Edition. 
Crown 8va 61; 

WILSON— TVTS BIBLE STUDENT'S GUIDE to the more 
Correct Understanding of the English Translation of the Old 
Testament, by reference to the original Hebrew. By William 
Wilson, D.D., Canon of Winchester, late Fellow of Queen's 
College, Oxford. Second Edition, carefuUy revised. 4to. 
doth. 25^ 

TONOB (CHARLOTTB tH.)— SCRIPTURE READINGS POR 
SCHOOLS AND FAMILIES. By Charloite M. Yonge, 
Author of "The Hdr of Reddyffe." 

First Series. Genesis to Deuteronomy. Globe 8vo. 
IS. 6d. With Comments, 3/. 6d, 

Second Series. From Joshua to Solomon. Extra fcap. 
8vo. IS. td. With Comments, Jj. dd. 

Third Series. The Kings and the Prophets. Extra fcap. 
8yo. \s. 6d, With Comments, $s. 6d. 

Fourth Series. The Gospel Times, is. 6d, With 
Comments, extra fcap. 8vo., St. 6d,] 

Fifth Series. Apostolic Times. Extra fcap. 8vo. u. 6d. 
With Comments, 3x. 6d, 



MISCELLANEOUS. 

Including works on English^ French^ and German Language and 
LUeraiure^ Art Ilattd-bookSy drv., 6^^. 

ABBOTT—^ SHAKESPEARIAN GRAMMAR. An Attempt 
to illustrate some of the Differences between Elizabethan and 
Modem Englisli. By the Rev. E. A. Abbott, D.D., Head 
Master of the City of London School New Edition. Extra 
fcap. 8vo. 6f. 
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ANDERSON— Z/A^^^i? PERSPECTIVE, AND MODEL 
DRA WING, A School and Art Class Manual, with Questions 
and Exercises for Examination, and Examples of Examination 
Papers. By Laurence Anderson. Witii Illustrations. 
Royal 8vo. 2s. 

BARK'RR— FIRST LESSONS IN THE PRINCIPLES OF 
COOKING. By Lady Barker. New Edition. i8mo. is. 

BBAUMARCHAICH-Z^ BARBIER DE SEVILLE, Edited, 
with Introduction and Notes, by L. P. Blouet, Assistant 
Master in St Paul's School. Fcap. 8vo. 3/. 6^. 

VBXSk-EXifk—FIRST LESSONS ON HEALTH, By J. Ber- 
NERS. New Edition. iSmo. is. 

BI^AKIBTON—THE TEACHER. Hints on School Manage- 
ment. A Handbook for Managers, Teachers* Assistants, and 
Pupil Teachers. By J. R. Blakiston, M.A. Crown 8vo. 
2s. 6d, 

** Into a comparatively small book he has crowded a great deal of ex- 
ceedini^Iy useful and sound advice. It is a plain, common-sense book, 
full of hints to the teacher on the management of his school and his 
children.— School Board Chronicle. 

BRBYMANN — Works by Hermann BReymann, PI1.D., Pro- 
fessor of Philology in the University of Munich. 
A FRENCH GRAMMAR BASED ON PHILOLOGICAL 
PRINCIPLES Second Edition. Extra fcap. 8vo. ^r. 6cL 
^FIRST FRENCH EXERCISE BOOK. Eitra fcap. 8vo. 

SECOND FRENCH EXERCISE BOOK. Extra fcap. 8vo. 

OAJA^EXWOOJ^—HANDBOOKOFMOTiAL PHILOSOPHY. 
By the Rev. Henry Calderwood, LL.D., Professor ot 
Moral Philosophy, University of Edinburgh. Fifth Edition. 
Crown 8vo. 6s. 

J^BImAMOTTB—A BEGINNEI^S drawing book. By 
P. H. Delamotte, F.S.A. Progressively arranged. New 
Edition improved. Crown 8vo. 3^. 6d, 

BNGUSH WRITERg— Edited by JOHN KiCHARD GrEEN. 
Fcap. 8vo. Price is. 6d. each. 

MILTON. By the Rev. Stopford A. Brooke. 

Others to follow. 
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VAWOVTT— TALES IN POLITICAL ECONOMY. By 
MiLLiCENT Garrett Fawcett. Glob« 8vo. jj. 

TBAUON—SCIfOOL INSPECTION. By D. R. Fearon, 
M.A., Assistant Commissioner of Endowed Schools. Third 
Edition. Crown 8vo. 2s, 6d, 

QImADBTOK^—SPELLING REFORM FROM AN EDU- 
CATIONAL POINT OF VIEW. By J. H. Gladstone, 
Ph.D., F.R.S., Member ioi the School Board for London. 
New Edition. Crown 8vo. \s. 6d, 

m 

GOlMjysiUlTn— 'THE TRA VELLER, or a Prospect of Society ; 
and THE DESERTED VILLAGE, By Oliver Gold- 
smith. With Notes Philological and Explanatory, by J. W. 
Hales, M.A, Crown 8vo. 6^. 

au-BBn— READINGS FROM ENGLISH HISTORY. Se- 
lected and Edited by John Richard Green, M.A., LL.D., 
Honorary Fellow of Jesus College, Oxford. Three Parts. 
Globe 8vo, is. 6d. each. L Hengist to Cressy. IL Cressy 
to Cromwell. III. Cromwell to Balaklara. 

OAIs^S— LONGER ENGLISH POEMS, with Notes, Philo- 
logical and Explanatory, and an Introduction on the Teaching 
of English. Chiefly for Use in Schools. Edited by J. W. 
Hales, M.A., Professor of English Literature at King's 
College, London, &c. &c. New Edition. Extra fcap. 8vo. 
4J. 6d, 

HOLE— ^ GENEALOGICAL STEMMA OF THE KINGS 
OF ENGLAND AND FRANCE. By the Rev. C. Hole. 
On Sheet, ix. 

JOHNSON'S LIVES OF THE POETS. The Six Chief Lives 
(Milton, Dryden, Swift; Addison, Pope, Gray), with Macaulay's 
"Life of Johnson." Edited with Preface by Matthew 
Arnold. Crown 8vo. 6s. 

LZTBRATURB PRIMSRS— Edited by JOHN RiCHARD GreEN, 
Author of "A Short History of the English People." 

ENGLISH GRAMMAR. By the Rev. R. Morris, LL.D., 
sometime President of the Philological Society. i8mo. 
doth. IS. 
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MAOMIXAAN'8 OOFY-BOOK8 Continued^ 

all points of his progress. It enables him, also, to keep his 
own fitolts concealed, with piferfect models constantly in view 
for imitation. Every experienced teacher knows the advantage 
of the slip copy, bnt its practical application has never before 
been successfully accomplished. This feature is secured ex- 
clusively to Macmillan's Copy-books under Goodman's patent. 
An inspection of books written on the old plan, with copies 
at the head of the page, will show that the lines last written at 
the bottom are almost invariably the poorest The, copy has 
been too far from the pupil's eye to be of any practical use, 
and a repetition and exaggeration of his errors have been the 
result. 

MACMIIiUkN'S PROORS8SIVE FRENCH COURSE— By 

G. Eugene-Fasnacht, Senior Master of Modem Languages, 
Harpur Foundation Modem School, Bedford. 

I. — First Year, containing Easy Lessons on the Regular Ac- 
cidence. Extra fcap. 8vo. \s. 

11. — Second Year, containing Conversational Lessons on 
Systematic Accidence and Elementaiy Syntax. With Philo* 
logical Illustrations and Etymological Vocabulaiy. u. 6^. 

MACWTTTiTtilirS P&OORE8BZVB OSRMAH OOUB8B— By 

G. Eugene Fasnacht. 

Fart I. — First Year. Easy Lessons and Rules on the Regular 
Accidence. Extra fcap. 8vo. is, dd. 

Part II. — Second Year. Conversational Lessons in Sys- 
tematic Accidence and Elementary Syntax. With Philological 
Illustrations and Etymological Vocabulary. Extra fcap. 
8vo. 2s, 

mAHTlN—T/fE POET'S HOUR: Poetry selected and 
arranged for Children. By Frances Martin. Third 
Edition. i8mo. 2J. 6</. 

SPRING-TIME WITH THE POETS: Poetiy selected by 
Frances Martin. Second Edition. i8mo. 3/. 6d, 
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MASSON (GVSTAyns^A COMPENDIOUS DICTIONARY 
OF THE FRENCH LANGUAGE (French-English and 
English-French). Followed by a List of the Principal Di- 
verging Derivations, and preceded by Chronological and 
Historical Tables. By Gustave Masson, Assistant-Master 
and Librarian, Harrow School Fourth Edition. Crown 8vo. 
half-bound, dr. 

MOLIl&RE— Z£ MALADE IMAGINAIRE, Edited, with 
Introduction and Notes, by Francis Tarver, M. A., Assistant- 
Master at Eton. Fcap. Svo. \In pTiptraHon. 

MORRIS — Works by the Rev. R, Morris, LL.D., Lecturer 
on Eri^lish Language and Literature in King's College 
School. 

HISTORICAL OUTLINES OF ENGLISH ACCIDENCE, 

comprising Chapters on the History and Development of the 
Language, and on Word-formation. New Edition. Extra 
fcap. Svo. 6j. 

ELEMENTARY LESSONS IN HISTORICAL 
ENGLISH GRAMMAR, containing Accidence and Word- 
formation. New Edition. iSmo. 2s, 6d, 

PRIMER OF ENGLISH GRAMMAR. i8mo. is, 

JStlCOlx— HISTORY OF THE FRENCH LANGUAGE, 
with especial reference to the French element in English* By 
Henry Nicol, Member of the Philological Society. 

[In preparation, 

OIslVSLAKT'-THE OLD AND MIDDLE ENGLISH. A 
New Edition of ''THE SOURCES OP STANDARD 
ENGLISH,** revised and greatly enlarged. By T. Kington 
Oliphant. Extra fcap. Svo. 9x. 

PALGRAVE— r^iS CHILDREN'S TREASURY OF 
LYRICAL POETRY. Selected and Arranged with Notes 
by Francis Turner Palgrave. iSmo. 25, 6d, Also in 
Two parts. iSmb. is, each. 

iPiaUTARCH — Being a Selection from the Lives which Illustrate 
Shakespeare. North's Translation. Edited, with Intro- 
duction^ Notes, Index of Names, and Glossarial Index, by 
the Rev. W. W. Skbat, M.A. Crown Svo. 6s, 

d 
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FiriiODBT— AEfT GUIDE TO GERMAN CONVBRSA^ 
TION: containing an Alphabetical List of nearly 800 Familiar 

•** Words followed by Exercises, Vocabulary of Words in frequent 
use ; Familiar Phrases and Dialogues ; a Sketch of German 
Literature, Idiomatic Expressions, &c. By L. Ptlodst. 
l8mo. doth limp. 2^. ddT. 

A SYNOPSIS OF GERMAN GRAMMAR. From the 
above. i8mo. 6^. 

RBADING BOOKS— Adapted to the English and Scotch Codes. 
Bound in Cloth. 

PRIMER. iSmo. (48 pp.) 2^. 

. BOOK L for Standard I. i8mo. (96 pp.) 4^. 

II. „ n. i8mo. (144 pp.) 5^* 

III. y. III. i8mo. (160 pp.) 6^. 

IV. „ IV. i8mo. (176 pp.) &r. 
»> V. „ V. i8mo. (380 pp.), IS, 

VI. „ VI. Crown 8vo. (430 pp.) 2s. 
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Book VI. is fitted for higher Classes, and as an Introduction to 
English Literature. 

\* They are far above any others tiiat have af|;peaKd both in form and 
substance. . . . The editor of the present series has rightly seen Ihat 
reading books must 'aim chiefly at giving to the pupils the power of 
accurate, and, if possible, apt and skilful expression ; at cultivating in 
them a good literary taste, and at arousing a deare of further reading. 
This is done by taking care to select the extracts from true English classics, 
going up in Standard VI. course, to Chaucer, Hooker, and Bacon, as well 
as Wordsworth, Macaulay, and^ Froude. . • . This is quite on die right 
trackt and indicates justly the ideal which we ought to set before Jis.^— 
Guardian. 

SHAK&SPEA&B— ^ SHAKEJSPEARE MANUAL. Byf.G. 
Fleay, M. a., late Head Master of Skipton Grammar School. 
Second Edition. Extra fcap.. 8vo, 4r. 6^ 

AN ATTEMPT TO DETERMINE THE CffRONO- 
LOGICAL ORDER OF SHAKESPEARE^S PIAYS. 
By the Rev. H. Paine Stokes, B.A. Extra fcap. Svo. 
4^. &/. 

. THE TEMPEST. With GlossariaKtand Explanatory Notes. 
By the Rev. J. M. jBPfiTSQN. Second ^Edition. iSma \s. 
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80NNBNSCBBIN snd MEZKLE JOHN — 7 HE ENGLISH 
METHOD OF TEACHING TO READ. By A. SON- 
NENSCHBIN and J, M. D. Mbiklejohn, M.A. Fcap. 8yo. 

COMPRISING : 

THE NURSERY BOOK, containing aU the Two-Letter 
Words in the Language, id, (Also in Large Type on 
Sheets for School Walls. 5j.) 

7HE FIRST COURSE, consisting of Short Vowels with 
Single Consonants. 6d, 

7 HE SECOND COURSE, with Combinations and Bridges, 
consistmg of Short Vowels with Double Consonants. 6dJ 

THE THIRD AND FOURTH COURSES, consisting of 
Long Vowels, and all the Double Vowels in the Language. ' 
6d. 

"These are admirable books, because they are constructed on a ptin- 
dple, and that the simplest principle on which it is possible to learn to read 
English.' —Spectator. 

t AnnBR— ^/^^7 PRINCIPLES OF A GRICUL TURE, By 
H. Tanner, F.C.S., Professor of Agricultural Science, 
University College, Aberystwith, &c. iSmo. is. 

rAYS*OB,—'fV0RDS AND PLACES; or, Etymological Illus- 
trations of History, Ethnology, and Geography. By the Rev. 
Isaac Taylor, M.A. Third and cheaper Edition, revised 
and compressed« With. Maps. Globe 8vo. 6s. 

A HISTORY OF THE ALPHABET. By the same 
Author. \In preparation. 

TAYLOR—:^ PRIMER OF PIANOFORTE PLA YING. By 
Franklin Taylor. Edited by George Grqvs. iSmo. is. 

n^avnasXBR^ HOUSEHOLD MANAGEMENT AND 
COOKERY. With an Appendix of Recipes used by the 
Teischers. of the National School of Cookery. By W. B. 
Tegstmsier. Compiled at the request] of the School Board 
for London. iSmo. is. 
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THRIN6— Works by Edward Torino, M. A., Head Master of 
Upphigham. 

THE ELEMENTS OF GRAMMAR TAUGHT IN 
ENGLISH With Questions. Fourth Edition. iSmo. 2s. 

THE CHILLIS GRAMMAR. Being the Substance of 
"The Elements of Grammar taught in English," adapted for 
the Use of Junior Classes. A New Edition. i8mo. is. 

SCHOOL SONGS. A Collection of Songs for Schools. 
With the Music arranged for four Voices. Edited by the 
Rev. E. Thring and H. Riccius. Folio. 7j. 6d. 

TRENCH (ARCHBISHOF)— Works by R. C Trench, D.D., 
Archbishop of Dublin. 

HOUSEHOLD BOOK OF ENGLISH POETRY. Selected 
and Arranged, with Notes. Third Edition. Extra fcap. 8vo, 

ON THE STUDY OF WORDS. Lectures addressed 
(originally) to the Pupils at tiie Diocesan Tnuning School, 
Winchester. . Seventeenth Edition, revised. Fcap. 8vo. 5j« 

ENGLISH, PAST AND. PRESENT. Tenth Edition, 
revised and improved. Fcap. 8vo. 5^. 

. A SELEC7 GLOSSARY, OF ENGLISH WORDS, used 
formerly in Senses Different from their Present. Fcap. 
8vo. ^. 6d. [New Edition in tJie press. 

VAVGUAN {C. M.)- WORDS FROM THE POETS. By 
C. M. Vaughan. Eighth Edition. i8mo. clo&,i is. 

vn^lVL—HARRISON WEIR'S DRAWING COPY-BOOKS. 
Oblong 4to. I. Animals. [In preparation. 

WHITNEY— Works by WuLLiAif D. Whitney, Professor of 
Sanskrit and Instructor in Modem Languages in Yale College \ 
first President of the American Philological Association, and 
hon. member of the Royal Asiatic Society of deat Britain and 
Ireland ; and Correspondent of the Berlin Academy of Sdences. 

A COMPENDIOUS GERMAN GRAIktMAR, Crown 
8vo. 4/. 6d, 
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VravmTn Continued-- 

A GERMAN READER m PROSE AND VERSEiy^ 
Notes and Vocabulary. Crown 8vo. 5^. 

WRIGH-T-TWiB SCHOOL COOKERY BOOK. CompUed 
and Edited by C. E. Guthrie Wright, Hon. Sec to the 
Edinburgh School of Cookery. l8mo. ix. 

Sir T. D. AcLAND, Bart, says of this book :— " I think the " School 
Cookery Book " the best cheap manual which I have seen on the subject. 
I hope teadien will welcome it. But it seems to me likely to be even 
more useful for domestic purposes in all ranks short of those served by 
professed cooks. The receipts are numerous and precUe, the explana- 
tion of principles clear. The chapters on the ad&ptation of food . to 
varying circumstances, age, climate, employment, health, and pa infants' 
. food, seem to me excellent." ' " 

WHITNEY AND BDQRBN— ^ COMPENDIOUS GERMAN 
AND ENGLISH DICTIONARY, witii Notation of Cor- 
respondences and Brief Etymologies. By Professor W. D, 
Whitney, assisted by A. H. Edgren. Crown 8vo: *]s, 6d. 

THE GERMAN-ENGLISH PART, separately, 51-. . 

YON6E (OHARIkOTTE M.)— TyTS ABRIDGED BOOK OP 
GOLDEN DEEDS. A Reading Book for Schools and 
general reodiers. By the Author of *<The Heir of .lUd« 
dyfife.'' i8mo. doth. If. 



MAOMILLAN'S 

GLOBE LIBRARY. 

ipcagtifiilly psioted on tone^ W^f pnoe y. €d, cadu Abo kept 
in Taiious morocco and calf bindings^ at moderate price& 

The Saturday Review says : — " The Globe Editions are admirable 
for thdr scholaiTy editing, dieir typographical CTcellenoe^ their 
co m pendions form, and their cheapness.^ 

The Daily Idfgraph calls it '' a series yet unrivalled for its com- 
bination of excellence and cheapness." 

SHAKESPEARE^ S COMPLETE WORKS. Edited by W. G. 
Clark, M. A. , and W. Aldis Wright, M. A. With Glossary. 

MORTE ly ARTHUR. Sir Thomas Malory's Book of King 
Arthur and of his Noble Knights of the Round Table. The 
Edition of Caxton, revised for Modem Use. With an Intro- 
dncdoQy Notes, and Glossary, by Sir Edward Strachkt. 

BURNS S COMPLETE WORKS: the Poems, Songy. and 
Letters. Edited, with Glossarial Index and Biogr^hical 
Memoir, by Albxander Smith. 

ROBINSON CRUSOE. Edited after the Original Editions, vnth 
Biographical Introduction, by Henry Kingsley. 

SCOTT'S POETICAL WORKS. With Biogi^hical and Critical 
"S^say, by Francis Turner Palgrave. 

GOLDSMITH* S MISCELLANEOUS WORKS. Widi Bio- 
graphical Introduction by Professor Masson. 

SPENCER'S COMPLETE WORKS. Edited, with Glossary, 
by R. Morris, and Memoir by J. W. Hales. 

POPE'S POETICAL WORKS. Edited, with Notes and Intro- 
ductory Memoir, by Professor Ward. 

DRYDENS POETICAL WORKS. Edited, with a Revised 
Text and Notes, by W. D. Christie, M.A., Trinity CoU^e, 
Cambridge. 

COWPER'S POETICAL WORKS. Edited, with Notes and 
Biographical Introduction, by W. Beniiam. 

VIRGirS WORKS. Rendered mto English Prose. With Intro- 
ductions, Notes, Analysis, and Index, by J. Lonsdale, M.A., 
and S. Lee, M.A. 

11 OR A CE. Rendered into English Prose. With running Analysis, 
Introduction, and Notes, by J. Lonsdale, M.A., and S. Lee, 
M.A. 

MIL TON'S POETICAL WORKS. Edited, with Introductions, 
&c., by Professor Masson. 



Published every Thursday^ fria 6Ar Monthly parts^ 
2S, and 2s. td.^ Half-Tteany Volumes^ 15^. 

NATURE: 

AN ILLUSTRATED JOURNAL OF SCIENCE. 



Nature expounds in a popular and yet authentic 
manner, the Grand Results of Scientific Research, 
discussing the most recent scientific discoveries, and 
pointing out the bearing of Science upon civilisation 
and progress, and its claims to a more general recog- 
nition, as well as to a higher place in the educational 
system of the country. 

It contains original articles on all subjects within the 
domain of Science ; Reviews setting forth the nature and 
value of recent Scientific Works; Correspondence 
Columns, forming a medium of Scientific discussion and 
of intercommunication among the most distinguished 
men of Science ; Serial Columns, giving the gist of the 
most important papers appearing in Scientific Journals, 
both Home and Foreign; Transactions of the prin- 
cipal Scientific Societies and Academies of the World, 
Notes, &a 

In Schools where Science is included in the regular 
course of studies, this paper will be most acceptable, as 
it tells what is doing in Science all over the world, is 
popular without lowering the standard of Science, and by 
it a vast amount of information is brought within a small 
compass, and students are directed to the best sources 
for what they need. The various questions connected 
with Science teaching in schools are also fully discussed, 
and the best methods of teaching are indicated. 
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